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to take up an already available treatment. How can we leverage the reform to identify
treatment effects in the absence of an unexposed comparison group? While there is
no cross-sectional variation in policy exposure, units differ in how their treatment
take-up responds to the reform. To leverage this variation for identification, I extend
the local average treatment effect (LATE) framework to a panel setting where a unit’s
latent compliance type, defined by comparing potential treatment choices with and
without the policy in each period, can change over time. I establish that there are two
routes to point identify the LATE under parallel trends. The first approach restricts
the mechanisms governing selection into treatment, ruling out specific transitions in
compliance types over time. The second restricts heterogeneity in treatment effects
across latent compliance types. To accommodate richer selection mechanisms and
unobserved effect heterogeneity, I develop a marginal treatment effects approach that
delivers sharp bounds on causal parameters of interest under economically motivated
shape restrictions. Applying the framework to Medicare Part D, I estimate that
prescription-drug coverage improved medication access and reduced labor supply
among individuals induced to obtain it by the reform. JEL: C14, C21, C23.
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1 INTRODUCTION

Many economically important policies are implemented at the same time for an entire
population. These include administrative reforms that reduce barriers to obtaining public
benefits (e.g., Miller, 2012; Ko and Moffitt, 2024; Cholli and Wu, 2026); immigration restric-
tions, minimum-wage increases, and input subsidies that change firms’ relative input costs
(e.g., Morris et al., 2007; Clemens, Lewis and Postel, 2018; Haanwinckel, 2023); and regu-
latory reforms changing the penalties firms face for violating environmental or labor laws
(e.g., Stafford, 2002; Wuellrich, 2010; Shapiro and Walker, 2018). Because these policies
are implemented simultaneously, there is no cross-sectional variation in policy exposure that
can be leveraged for causal identification, as in standard difference-in-differences designs.
Treatment take-up, however, varies across units and over time, and the policy changes the
incentives of taking up treatment when it is switched on. Consider, for example, the intro-
duction of a health-insurance subsidy made available to an entire population. Individuals
may obtain health insurance before the subsidy is introduced, but the subsidy lowers the
cost of coverage and induces some individuals who would otherwise have remained uninsured
to obtain coverage.' In this paper, I develop a framework that leverages this panel variation
in treatment take-up to identify causal effects of universally implemented policies.

I begin by adapting the standard local average treatment effect (LATE) framework—which
classifies units into latent compliance types based on their potential treatment choices—to
a panel setting in which units make those choices in multiple periods and their compliance
type may therefore change over time. I primarily focus on identification of a LATE: the
average causal effect of the treatment on an outcome of interest in the post-policy window,
for units induced to take up treatment by the policy.” In the example of a universal health
insurance subsidy, this is the effect of insurance on health among individuals who obtain
coverage because of the subsidy, but otherwise would have remained uninsured.

Universal policy exposure creates two key challenges to identification. First, the econo-
metrician observes treatment decisions at baseline only with the policy switched off and at
endline only with the policy switched on. An observed change in treatment status may there-
fore reflect either policy-induced take-up or a change that would have occurred even without
the policy, but there is no unexposed control group against which to compare these changes.

Suppose, for example, that an individual is uninsured before the subsidy is introduced but

Similarly, a nationwide input subsidy program for farmers universally reduces the cost of purchasing fertil-
izers (Morris et al., 2007), while an increase in regulatory fines for environmental noncompliance may raise
the cost of noncompliance for all firms (Stafford, 2002).

21 also study identification of the policy’s first stage effect on treatment take-up (e.g., the effect of a universal
subsidy on insurance coverage) and its reduced-form effect on the outcome (e.g., the effect of a universal
subsidy on health).



obtains coverage afterward. Absent additional assumptions, it is unclear whether the sub-
sidy causally induced this take-up; the individual might have purchased insurance in the
post-period even without the subsidy. Second, identifying the LATE requires recovering the
compliers’ post-policy outcomes had they not selected into treatment. A common approach
is to model this unobserved potential outcome using a parallel trends assumption. I show
that even a strong form of parallel trends is insufficient to identify the LATE.” The reason
is that some compliers may already be treated at baseline, so their untreated outcomes are
never observed. Parallel trends restricts how these outcomes evolve over time, but not their
baseline levels, leaving the post-policy untreated counterfactual unrestricted. Therefore, the
LATE cannot be identified without additional assumptions.

I show that identification of the LATE entails a trade-off: researchers must impose restric-
tions on either the mechanisms governing selection into treatment or the extent of treatment-
effect heterogeneity. I begin with restrictions on selection behavior. Consider a two-period
setting in which the universal policy activates in the second period. In each period, a unit
has two potential treatment choices: whether it would take up treatment if the policy were
switched on or switched off. Comparing these two potential treatment choices within each
period defines four latent compliance types: compliers take up treatment only with the pol-
icy, never-takers do not take up treatment under either policy state, always-takers take up
treatment under both policy states, and defiers take it up only without the policy (Imbens
and Angrist, 1994). Absent restrictions connecting potential treatment decisions across pe-
riods, the four types in each period yield 16 possible compliance trajectories. For example,
a unit might act as a complier in both periods or transition from an always-taker at baseline
to a never-taker at endline. Because some transitions may be economically implausible in a
given setting, researchers can impose restrictions to rule them out.

To restrict the set of possible compliance trajectories, I consider three assumptions on
selection behavior. Because universal policies typically shift take-up costs in the same di-
rection for all units, I impose monotonicity: any unit who would take up treatment in a
given period without the policy would also take it up with the policy. However, within-
period monotonicity alone places no restrictions on how choice behavior evolves over time.
Therefore, I consider two stationarity conditions that restrict how a unit’s compliance type
may change over time. First, I require that the aggregate share of always-takers remain
stable across periods, which may be plausible when there are no aggregate trends driving
treatment take-up. Second, I require that units treated at baseline would remain treated
at endline had the policy counterfactually not been implemented, which may be plausible
m Chaisemartin and d’Haultfoeuille (2020) and Marx, Tamer and Tang (2024), I consider a

parallel trends assumption that requires the mean untreated potential outcomes to evolve identically across
all realized treatment paths.



when taking up treatment entails significant fixed costs.” Under these assumptions, there
is a one-to-one mapping between observed treatment paths and latent compliance types at
endline. Moreover, they ensure that all endline compliers are untreated at baseline, so their
untreated outcomes at baseline are observed. Parallel trends can then recover their mean
untreated outcome at endline. The LATE is point-identified by comparing the change in
outcomes among units untreated at baseline but treated at endline (the compliers) with the
change in outcomes among continuously untreated units (the never-takers).

Although these assumptions on selection behavior may be plausible in many empirical con-
texts, they rule out settings in which time-varying unobservables drive treatment take-up.
I show, however, that relaxing these selection restrictions while retaining point identifica-
tion of the LATE requires restrictions on treatment-effect heterogeneity. I therefore consider
an alternative approach that relaxes these restrictions on selection behavior but requires
homogeneous average treatment effects across the relevant complier and always-taker sub-
groups. Under this restriction and parallel trends, the same difference-in-differences contrast
as before—comparing the change in outcomes among units untreated at baseline but treated
at endline with the change among continuously untreated units—identifies the LATE. If
exact homogeneity is implausible in a given setting, I show how researchers can bound
the degree of permissible heterogeneity using user-specified sensitivity parameters. Varying
these parameters allows researchers to trace out a breakdown frontier showing how much
heterogeneity is required to overturn a given causal conclusion.

The preceding point identification strategies require researchers either to rule out treat-
ment take-up driven by time-varying unobservables or to impose treatment-effect homogene-
ity, thereby ruling out selection based on anticipated gains. For settings characterized by
heterogeneity and selection patterns that are too rich to yield a single point estimate, I in-
troduce a flexible marginal treatment effects framework that partially identifies the LATE.
The framework has three distinctive features. First, it extends MTE analysis to a panel
setting with period-specific unobservables governing treatment take-up. Second, I show that
additional pre-policy data, combined with mild restrictions on how selection behavior evolves
over time, identify all relevant selection primitives. Third, rather than bounding heterogene-
ity directly with user-specified sensitivity parameters, the framework allows treatment effects
to vary with latent take-up propensities and uses economically motivated restrictions on this
relationship to obtain sharp, easily computable bounds.

I conclude by using the framework to analyze exposure designs, commonly used to evaluate

universal policies. These designs leverage variation in baseline treatment status, comparing

“With additional pre-period data, researchers can assess the plausibility of these stationarity conditions
by examining stability in the share of treated units and persistence of treatment take-up among previously
treated units, respectively. In the paper, I formalize the conditions under which these identifying assumptions
are testable.



units untreated at baseline (conjectured to be more exposed) with those already treated
(conjectured to be less exposed). I show that, under parallel trends, the resulting estimand
equals the treatment effect among all units who switch treatment status (not necessarily
induced to switch by the policy) minus a bias term arising from time-varying treatment effects
among continuously treated units.” Time-invariant treatment effects are therefore necessary
for the design to recover a valid causal effect.® This restriction is often implausible because it
rules out calendar-time variation in average gains from treatment, such as variation driven by
changing economic conditions. Moreover, even under time invariance, the design identifies
a difficult-to-interpret weighted average of treatment effects across all compliance types;
recovering the LATE requires restrictions on selection or treatment-effect heterogeneity.

I apply the framework in two settings. First, I benchmark the proposed strategy against
the Oregon Health Insurance Experiment, which randomized the opportunity to apply for
Medicaid (Taubman et al., 2014). Among lottery winners uninsured at baseline, I compare
changes in emergency-department use between those who obtained coverage at endline and
those who remained uninsured. The estimated LATE for the probability of an ED visit
(7.3 percentage points) is close to the experimental benchmark (7.0 percentage points),
supporting the plausibility of the proposed identification approach.

Next, I apply the framework to Medicare Part D, which in 2006 subsidized prescription-
drug coverage for adults aged 65 and older. A prominent literature evaluates Part D by
comparing Medicare-eligible individuals with those just below age 65 (e.g., Engelhardt and
Gruber, 2011; Wettstein, 2020). Yet Part D increased prescription-drug utilization among the
nonelderly through pharmaceutical advertising (Alpert, Lakdawalla and Sood, 2023), casting
doubt on this comparison. Without a credible under-65 control group, Part D’s universal
rollout leaves no cross-sectional variation in policy exposure among eligible adults. I instead
use panel variation in take-up of prescription-drug coverage among adults already aged 65 or
older before the reform, sidestepping concerns about a potentially affected younger control
group. Consistent with existing work, I find that Part D substantially increased coverage,
which improved medication access and financial protection while reducing labor supply. Sen-
sitivity analyses show robustness to substantial heterogeneity, while MTE bounds permitting
selection on gains yield similar conclusions. Finally, I implement an exposure design com-
paring respondents uninsured at baseline with those already insured: the estimated effect

of coverage on self-reported health is negative but insignificant, and each reported point

STazhitdinova and Vazquez-Bare (2025) similarly show that comparisons between groups with unequal base-
line treatment statuses can confound the effect of switching treatment with the evolution of treatment effects
over time. Sun and Shapiro (2022) show that treatment-effect heterogeneity can prevent estimators exploiting
differential exposure to a common policy change from recovering even a weighted average of causal effects.
6Using baseline treatment status as an instrument for policy exposure requires the same time-invariance
restriction (Goldsmith-Pinkham, Sorkin and Swift, 2020).



estimate lies outside the corresponding MTE bounds. This suggests that exposure designs
may yield biased estimates of the LATE.

Despite empirical interest in evaluating universally implemented policies, econometric
guidance on identification in these settings remains comparatively limited. Conventional
difference-in-differences compares outcome changes between treated and untreated or not-
yet-treated units (e.g., Ashenfelter and Card, 1985; Abadie, 2005; Roth et al., 2023). Exten-
sions allow treatment status to change over time (De Chaisemartin and d’Haultfoeuille,
2026), or examine comparisons across treatment doses (Callaway, Goodman-Bacon and
Sant’Anna, 2025). Fuzzy difference-in-differences likewise uses cross-sectional comparisons
between two groups experiencing different changes in treatment rates (De Chaisemartin and
d’Haultfoeuille, 2018). Xu, Zhao and Ding (2026) study events affecting all units but use an
observed baseline factor to construct comparison groups. Here, all units are universally ex-
posed to a policy change. My primary contribution is to characterize the assumptions under
which panel variation in treatment take-up identifies the LATE under universal exposure.

The paper also relates work on principal stratification (Imbens and Angrist, 1994; Fran-
gakis and Rubin, 2002) to difference-in-differences by establishing the identifying content of
restrictions on latent compliance types together with parallel trends. Angrist et al. (2024)
study identification with period-specific compliance using a randomized instrument, while
Ghanem, Sant’Anna and Wiithrich (2026a) and Marx, Tamer and Tang (2024) study the
compatibility of different selection models with parallel trends. Here, all units face the same
policy change at the same time and endogenous treatment choices allow units to move be-
tween compliance types over time. I characterize the sharp set of restrictions on compliance
transitions that, together with parallel trends, point identify the LATE.”

The paper also contributes to partial identification in panel-data settings (e.g., Manski and
Pepper, 2018; Rambachan and Roth, 2023). Building on the MTE literature (e.g., Heckman
and Vytlacil, 1999, 2005; Mogstad, Santos and Torgovitsky, 2018), I allow treatment effects
to vary with period-specific latent propensities to take up treatment. The discrete variation
created by the universal policy is generally insufficient to point identify selection mechanisms
governed by multidimensional, period-specific unobservables (Kamat, Norris and Pecenco,
2026). I show that additional pre-policy data, combined with restrictions on the dependence
of these unobservables, identify the relevant selection primitives.

The remainder of the paper proceeds as follows. Section 2 formalizes the setting and
provides motivating examples. Section 3 presents the point identification and sensitivity
results, while Section 4 develops the MTE framework for partial identification. Section 5

analyzes exposure designs. Section 6 provides an application. Section 7 concludes.

"These selection restrictions also connect the paper to correlated-random-effects models (Chamberlain, 1982)
and to nonseparable panel models identified through exchangeability or time-homogeneity restrictions (Al-
tonji and Matzkin, 2005; Chernozhukov et al., 2013).
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2 SETTING AND EMPIRICAL EXAMPLES

2.1 Setup and Notation I begin with a two-period panel dataset, where each period
is denoted by ¢t € {0,1} and each unit is denoted by i. Let Z; € {0,1} be an indicator
that equals one if the policy is switched on in period ¢ and zero otherwise. Crucially, Z;
is not indexed by %; the policy switches on for all units in the same period. In this simple
two-period setup, the policy is introduced at t = 1, such that Zy =0 and Z; = 1.

Let D;(z) € {0, 1} denote the potential treatment status for unit 7 in period ¢ if the policy

state Z; were set to z. The observed treatment status is given by:

This notation assumes that treatment status depends only on the contemporaneous policy
state. Next, let Yj;(d) denote the potential outcome of interest for unit ¢ in period ¢ if their

treatment status were set to d € {0,1}. The observed outcome is given by:
Yie = Y (0) - (1 = Di) + Yir(1) - Dt

This notation for the potential outcomes imposes important restrictions. First, it rules
out anticipatory effects, as the outcome in period ¢ does not depend on future treatment
status. Second, it rules out carryover effects, as the period ¢ outcome depends only on
contemporaneous treatment status, rather than the entire treatment path. Third, it imposes
an exclusion restriction: the policy Z; affects the outcome only through the treatment status
D;;. Consequently, the potential outcome satisfies Yj;(d, z) = Y (d) for z € {0,1}. Finally,
the notation also imposes no interference across units, so that a unit’s potential outcomes do
not depend on the treatment statuses of other units. Throughout, I assume that E[|Y;;(d)|] <
oo for all ¢,d € {0,1} and that each treatment path (Do, D;1) € {(0,0),(0,1),(1,1)} has
positive probability.

For each period ¢t € {0,1}, units can be categorized into four latent compliance types
based on their potential treatment decisions D;(z) (Imbens and Angrist, 1994). Specifi-
cally, period-t always-takers are units for whom D;(0) = Dy(1) = 1; period-t compliers
are units for whom D;(1) > D;(0); period-t never-takers are units for whom D;(0) =
Dy(1) = 0; and period-t defiers are units for whom Dy (1) < Dy(0). A critical de-
parture in our setting is that a unit’s latent compliance type is period-specific. Because
units make potential treatment decisions in both periods—represented by the random vari-
ables {D;o(0), Dio(1), D;1(0), D1 (1) }—there are 16 possible compliance types across time.
However, because the aggregate policy is switched off at baseline (Z, = 0) and switched
on at endline (Z; = 1), the econometrician only observes the realized treatment path

(Do, Di1) = (Dio(0), D;1(1)). Importantly, absent additional assumptions, each realized



treatment path is consistent with four latent compliance trajectories and therefore does not
uniquely determine a unit’s compliance type in either period.

I primarily focus on identification of the causal effect of the treatment on the subpopu-
lation induced to take it up by the universal policy change. Specifically, I define the target
parameter as the Local Average Treatment Effect (LATE) for period-1 compliers:

A =E[Yu(1) = Yiu(0)[Dir(1) > Dia(0)]

[ assume that P(D;1(1) > D;1(0)) > 0, so that A is well defined. This parameter is the average
treatment effect for units who would take up treatment at ¢ = 1 under the policy but would
not do so in its absence. In standard instrumental variables (IV) designs, the LATE is
frequently criticized because the compliant subgroup is tied to the specific instrument (e.g.,
a randomized informational nudge) used for identification (e.g., Heckman and Urzua, 2010);
the critique is that the identified LATE need not correspond to the treatment effect for the
subgroup relevant to the policy question of interest. However, in our setting, the universal
policy itself induces variation in treatment take-up, such that the compliant subgroup consists
exactly of the units whom the policy induces to take up treatment at ¢ = 1. Consequently,

A is an important policy-relevant parameter in our setting.®

2.2 Empirical Examples To help fix ideas and motivate this setting, I consider three

distinct policy domains where universally implemented policies alter compliance behavior.

Example 2.1. (Universal Changes to the Cost of Accessing Social Programs) A broad class
of policies universally lowers the costs of enrolling in social safety net programs. As a
leading example, consider Cholli and Wu (2026), who study a reform that simultaneously
reduced administrative barriers to welfare enrollment for an entire population.” In this
context, Z; is an indicator for the introduction of a unified, streamlined online portal to
apply for welfare benefits. The binary treatment D;, represents individual ¢’s decision to
enroll in welfare benefits in period ¢. Because the portal is absent at baseline (t = 0)
and active at endline (¢ = 1), the econometrician only observes the realized enrollment
sequence (Do, Dj1) = (D;0(0), D;1(1)). The counterfactual enrollment decisions—whether
the individual would have enrolled at ¢ = 0 had the portal been launched, or at ¢ = 1 had
the portal not been launched—remain latent. Finally, the target parameter A captures the
causal effect of welfare enrollment on outcomes of interest, for the subpopulation induced to

enroll at t = 1 precisely because the online portal lowered the cost of enrolling.

8While \ serves as the primary target for the subsequent identification results, I also provide results for the
identification of the first stage effect, E[D;1 (1) —D;1(0)], the reduced-form effect of the policy, E[Y;1(D;1(1))—
Y:1(D;1(0))], and other policy-relevant parameters of interest.

90ther examples include policies that change the cost of enrolling in health insurance for all individuals in
a population of interest (Miller, 2012; Argys et al., 2020) and policies that make early childhood education
universally more accessible (DeMalach and Schlosser, 2026).
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Example 2.2. (Universal Changes to the Cost of Technology Adoption) A broad class of
policies alters the relative costs of adopting production technologies, shifting the incentives
to adopt inputs that firms could already procure prior to the reform. As a leading example,
consider the introduction of a universal subsidy program (for example, see Morris et al., 2007)
to purchase fertilizers made available to all farmers.'” In this context, Z; is an indicator for
the availability of the fertilizer subsidy. The binary treatment D;; represents farmer i’s
decision to purchase fertilizer in period ¢. Because the subsidy is absent at baseline (t = 0)
and active at endline (¢ = 1), the econometrician only observes the realized adoption sequence
(Dio, Di1) = (Dyp(0), D;1(1)). The counterfactual adoption decisions—whether the farmer
would have purchased fertilizer at ¢ = 0 had the subsidy been available, or at ¢ = 1 had
the subsidy not been available—remain latent. Finally, the target parameter A captures the
causal effect of fertilizer adoption on an outcome of interest for the subpopulation of farmers

induced to purchase fertilizers at ¢ = 1 precisely because the subsidy lowered their cost.

Example 2.3. (Universal Regulatory Changes) A broad class of federal policies alters firm
behavior by universally changing the pecuniary penalties for non-compliance, shifting the
incentives to adhere to existing regulatory standards. As an illustrative example, consider
the enforcement of environmental regulations where the government universally increases
the fines for not complying with specific environmental standards (e.g., Stafford, 2002).!*
In this context, Z; is an indicator for the period in which fines are increased for non-
adherence. The binary treatment D;; represents firm i’s decision to adhere to the envi-
ronmental standard in period ¢. Because the higher penalty is absent at baseline (¢ = 0)
and active at endline (¢ = 1), the econometrician only observes the realized adherence se-
quence (Do, Di1) = (Dio(0), D;1(1)). The counterfactual adherence decisions—whether the
firm would have adhered at t = 0 had the fine been higher, or at ¢ = 1 had the fine remained
low—remain latent. Finally, the target parameter A captures the causal effect of regulatory
compliance on an outcome of interest specifically for the subpopulation induced to comply

at t = 1 because the increased fine altered the relative cost of non-compliance.

100 ther examples include national minimum wage hikes that can alter the relative cost of labor versus
automation (Aaronson and Phelan, 2017; Haanwinckel, 2023) and federal immigration changes restricting
foreign farm-workers that can change farmers’ incentives to mechanize (Clemens, Lewis and Postel, 2018).
HOther examples include federal labor law changes (Quach, 2024) and nationwide changes in financial penal-
ties for violating employment mandates (Wuellrich, 2010). Indeed, Shapiro and Walker (2018) emphasize
that a key challenge in evaluating many environmental regulations using existing econometric tools has been
that regulations are often universally implemented, which leaves researchers without a natural comparison
group. Similarly, Quach (2024) is explicitly unable to evaluate the consequences of important federal regu-
latory changes on firm behavior specifically because they are universally implemented, and instead focuses
on smaller state-level regulatory changes.



3 POINT IDENTIFICATION OF A\

In this section, I study point identification of the local average treatment effect, \. A
natural starting point is the standard parallel trends assumption, which serves as the key
identifying assumption in the difference-in-differences literature. This assumption posits that
the mean evolution of untreated potential outcomes is constant across all realized treatment
paths (e.g., De Chaisemartin and d’Haultfoeuille, 2020; Marx, Tamer and Tang, 2024).

Assumption PT (Parallel Trends). For some constant A7 € R and all realized treatment
paths dy, d; € {0,1}:

E[Ya(0) ~ Yi(0) | Do = do, Dy = ] = AP

Assumption PT imposes a strong exogeneity restriction on untreated outcome changes,
requiring their mean to be invariant to the realized treatment path. In Section 3.1, I demon-
strate that while Assumption PT identifies counterfactual outcome trends, it is insufficient
to identify A\. Motivated by this negative result, I provide two distinct pathways to point-
identify A. Section 3.2 explores assumptions that restrict selection into treatment over time,
while Section 3.3 considers an alternative set of assumptions restricting treatment effect het-
erogeneity. Notably, I show that under either set of restrictions, the parallel trends condition
is required only among units untreated at baseline: E[Y;;(0) — Y;o(0) | Dio = 0,D; = 0] =
E[Y;1(0) — Yip(0) | Dip = 0,D;1 = 1]."* Section 3.4 provides a representation of A nesting
both point-identification results as special cases, and Section 3.5 uses this representation to

conduct sensitivity analyses under bounded heterogeneity assumptions.

3.1 Lack of Identification under Parallel Trends In this section, I describe a central
challenge in identifying the target parameter, A\, and demonstrate why additional assump-
tions beyond Assumption PT are necessary to identify it. Specifically, I show that A\ remains
entirely unconstrained under Assumption PT.

To understand this failure of identification, consider the subpopulation that selects into
treatment in both periods. For these continuously treated units (D;o = 1, D;; = 1), the
econometrician only ever observes the treated potential outcomes, such that Yo = Yjo(1)
and Y;; = Y;1(1).

Assumption PT posits that the average untreated potential outcome at t = 1 for this

continuously treated group can be written as:

E[}/zl(O) | DiO — 17Di1 — 1] - E[Ko(O) | DiO — 1,Di1 — 1] —|— APT.
The counterfactual trend A7 is identified by the never-treated units (Dyy = 0, D;; = 0).
However, the moment E[Y;o(0) | Do = 1,D;; = 1] is unobserved and absent additional

21n Section 4, I provide a framework to bound A under further relaxations of Assumption PT considered in
previous work (Manski and Pepper, 2018; Rambachan and Roth, 2023).

9



assumptions, this moment can be arbitrarily large or small. Crucially, period-1 compliers
may include units already treated at baseline, for whom neither untreated potential outcome
is observed. Shifting both of these potential outcomes by the same amount preserves the
observed data and Assumption PT, while changing their treatment effects. Consequently, A
can be arbitrarily large or small absent additional assumptions. I summarize this negative

result in the following proposition.

Proposition 1. Let A* denote the identified set for \. Under Assumption PT, A* = R

when no restrictions are imposed on the support of potential outcomes.
Proof. See Appendix Section A.

Remark 1. Even if a researcher knew precisely which units are period-1 compliers, A would
remain unconstrained provided P[D;y = 1, D;;(1) > D;1(0)] > 0. For these baseline-treated
compliers, neither untreated potential outcome is observed. Shifting both by the same con-

stant preserves the observed data and Assumption PT, while changing . [ |

Remark 2. It is instructive to contrast the negative result in Proposition 1 with settings
where treatment is entirely unavailable prior to the policy change, such that D;y = 0 for all
i. For example, when evaluating the rollout of a job-training program (e.g., Lalonde, 1986),
individuals cannot enroll before the program exists. In such cases, any unit treated at endline
is necessarily untreated at baseline. As a result, the baseline untreated potential outcome for
the treated group is identified, i.e., E[Yio(0) | Diy = 1] = E[Yio | Diop = 0, D;; = 1]. Combined
with the trend AF7 identified from the never-treated units, this allows for point identification
of the treatment effect on the treated under Assumption PT. In contrast, under the universal
policy changes described in Section 2.2, units select into the underlying treatment (D;;) even
at t = 0 and the policy (Z;) switches on at ¢ = 1 as a universal cost-shifter. Because
units may select into treatment both pre- and post-reform, the baseline untreated potential
outcome for the continuously treated subpopulation remains unidentified under Assumption
PT. [ |

Proposition 1 highlights the key challenge to identifying A: the maintained assumptions
permit period-1 compliers to have been treated at baseline, while leaving their post-policy
untreated potential outcome unrestricted. To overcome this challenge, a researcher has
two possible avenues for point identification. The first avenue restricts admissible selection
mechanisms governing treatment take-up, such that units already treated prior to the reform
are inframarginal to the policy change and therefore are not in the compliant subgroup at
endline. T explore this avenue in Section 3.2. The second avenue permits baseline-treated
units to be in the compliant subgroup at endline, but imposes restrictions on treatment
effect heterogeneity. Specifically, this approach assumes that period-1 compliers have the

same average treatment effect regardless of their baseline treatment status, and that period-1
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compliers and always-takers who were untreated at baseline have the same average treatment

effect. I explore this avenue in Sections 3.3.

3.2 Restricting Admissible Selection Mechanisms In this section, I explore the first
avenue to point identification: imposing restrictions on the mechanism governing selection
into treatment over time. Recall from Section 2.1 that because units make potential treat-
ment decisions in both periods—choosing the sequence {D;o(0), Dio(1), D;1(0), Djy(1)}—
there are 16 possible joint compliance trajectories. Absent additional structure, a unit’s
compliance type may evolve arbitrarily over time. For instance, an individual might act as
an always-taker at baseline (D;o(0) = D;o(1) = 1) but transition into a complier at endline
(Di1(1) > D;1(0)). Absent additional assumptions, each observed treatment path is con-
sistent with four latent compliance trajectories and therefore does not uniquely determine
a unit’s compliance type in either period. The following assumption restricts this mapping

and rules out specific dynamic compliance sequences.
Assumption SEL (Selection Restrictions).
(a) Monotonicity:

P[Dy(1) > Du(0)] =1 for ¢t € {0,1}
(b) Stability in Share of Always-Takers:
P[D;o(0) = Dip(1) = 1] = P[D;1(0) = Dy (1) = 1]
(c) Stability of Choosers over Time:
P[D;1(0) = 0 | Dyo(0) =1] = 0

Assumption SEL(a) imposes monotonicity, stating that the policy weakly encourages se-
lection into treatment, thereby ruling out defiers (i.e., units for whom Dy (1) < Dy(0)) in
both periods. In the context of Example 1 in Section 2.2, this requires that universally reduc-
ing the administrative cost of accessing welfare—such as by introducing a streamlined online
portal—does not prevent any individual who would otherwise enroll from doing so. Cru-
cially, however, monotonicity alone places no intertemporal constraints on choice behavior,
as it only restricts potential treatment statuses within a given time period. To address the
dynamic nature of compliance, Assumptions SEL(b) and SEL(c) introduce novel restrictions
on the time-series properties of the selection mechanism.

Assumption SEL(b) imposes stability in the aggregate share of always-takers over time.
This assumption may be plausible when there are no secular trends driving treatment take-
up in the absence of the policy change. In the context of Example 1 in Section 2.2, this
requires that the proportion of the population who would enroll in welfare benefits without

the policy—that is, without the aid of a streamlined online portal to reduce administrative
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frictions—remains constant across periods. Additional pre-period data on treatment take-
up can provide evidence supporting the plausibility of this assumption. Under Assumption
SEL(a), any unit that selects into treatment absent the policy is necessarily an always-taker.
Consequently, stable aggregate enrollment rates across multiple pre-reform periods would
indicate that the share of always-takers was stable before the policy was introduced.

Assumption SEL(c) states that units who select into treatment in the period before the
policy is implemented would continue to do so in the post-period had the policy counter-
factually not been implemented. This assumption may be plausible when take-up entails
substantial fixed costs, while continued participation is relatively inexpensive. In the con-
text of Example 1 in Section 2.2, this assumption requires that individuals who successfully
enrolled in welfare benefits at baseline—mnavigating the high administrative frictions with-
out the aid of the online portal—would continue to enroll in the subsequent period had the
portal counterfactually not been introduced. With unit-level panel data spanning multiple
pre-policy periods, researchers can assess whether treated units persistently remain in treat-
ment to support the plausibility of this assumption. This assumption can equivalently be
stated as a monotonicity condition on treatment take-up over time, under the counterfactual
that the policy was never switched on: P[D;1(0) > D;(0)] = 1.

Next, I formalize the identifying content of Assumption SEL. Recall that absent any re-
strictions on selection into treatment, a unit’s compliance type may evolve arbitrarily across
the two periods, generating 16 possible transition paths as illustrated in Figure la. Assump-
tion SEL restricts the admissible compliance types over time as follows. First, Assumption
SEL(a) rules out defiers in both periods. Consequently, any unit observed selecting into treat-
ment at baseline (i.e., a unit for whom D;y = D;y(0) = 1) must be a period-0 always-taker.
Next, under Assumption SEL(a), Assumptions SEL(b) and (c) jointly imply that potential
treatment decisions in the absence of the policy are time-invariant, such that D;o(0) = D;;(0)
almost surely. This time-invariance yields two consequences. First, an always-taker at ¢ =0
must remain an always-taker at £ = 1. Second, units who are never-takers or compliers at
baseline (i.e., units for whom D;o = D;o(0) = 0) must also remain never-takers or compliers
at endline, since their potential treatment status in the absence of the policy must satisfy
D;1(0) = 0. I summarize this result in Lemma 1 below.

Lemma 1. Under Assumption SEL, the admissible unit types are:
(i) never-takers in both periods, i.e., D;y(0) = D;o(1) = 0 and D;;(0) = D;1(1) =0,
(ii) never-takers at t = 0 and compliers at t = 1, i.e., D;p(0) = D;o(1) = 0 and D;; (1) >
D1 (0),
(iii) compliers at t = 0 and never-takers at t = 1, i.e., Dj(1) > D;o(0) and D;;(0) =
Din(1) =0,
(iv) compliers in both periods, i.e., Diy(1) > D;y(0) and Dy (1) > D;1(0),
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(v) always-takers in both periods, i.e., Dj(0) = Djo(1) = 1 and D;(0) = Dy (1) = 1.
Proof. See Appendix Section B.

All admissible compliance types over time under Assumption SEL are illustrated in Figure
1b.

t=20 t=1

NEVER-TAKER NEVER-TAKER

COMPLIER COMPLIER
Dio(l) > Dio(O) Dil(l) > Dil (0)
ATWAYS-TAKER ATWAYS-TAKER

Dio(1) = Djp(0) =1 D;1(1) = D;1(0) =1

DEFIERS DEFIERS

Dio(l) < Dio(O) Dil(l) < Dj (0)

(a) Compliance types over time without imposing Assumption SEL

t=20 t=1
NEVER-TAKER NEVER-TAKER
Dip(1) = Dip(0) =0 Di(1) = Din(0) =0
COMPLIER COMPLIER
Dio(1) > D;o(0) D;1(1) > D;1(0)
A1TWAYS-TAKER A1IwWAYS-TAKER
Djip(1) = Dip(0) =1 D;1(1) = Du(0) =1

(b) Compliance types over time after imposing Assumption SEL

FIGURE 1. Identifying Content of Assumption SEL

Lemma 1 characterizes the identifying content of Assumption SEL through the lens of
non-parametric compliance types. It is also instructive to examine the implications of these

restrictions within a separable threshold-crossing model:

Diy(2) = Wy +vi - 2 > Uy).
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First, a sufficient condition for monotonicity is v;; > 0 for all units and both periods, which
can be interpreted as the policy weakly reducing the cost of selecting into treatment. Sec-
ond, under monotonicity, the share of always-takers in period t is given by Play > Uyl.
Assumption SEL(b) therefore requires that Pla; > U] = Pla; > Uy;y|. Third, Assumption
SEL(c) requires that Pla; > Uy, o < U] = 0. Under Assumption SEL(a), Assumptions
SEL(b) and (c) jointly require that potential treatment decisions in the absence of the pol-
icy are time-invariant almost surely, restricting the joint distribution of (o, Uj, U;1) such
that P[min(U, Ui1) < o < max(Uyp, U;1)] = 0. Thus, idiosyncratic shocks may vary across
periods but almost surely do not induce a unit to alter their treatment decision absent the
policy.

Remark 3. Suppose the idiosyncratic shocks can be decomposed as U;; = v; + 0;. Defining
&; = a;—v;, Assumption SEL requires that Plmin{dy, 6;} < &; < max{do, d1}] = 0. If §; # do,
this restriction requires that the distribution of @; assign zero probability to the nonempty
interval between the two thresholds. If its distribution function is strictly increasing on an
interval containing both thresholds, the restriction therefore implies 0; = dg. Consequently,
D;(0) = 1(&; > 0p) in both periods. In this special case, treatment decisions absent the
policy depend solely on time-invariant unobservables. Under such selection on fixed effects,
Ghanem, Sant’Anna and Wiithrich (2026b) show that parallel pre- and post-trends hold
in their two-way fixed effects outcome model when the conditional mean of idiosyncratic

outcome shocks given the fixed effects is constant over time. [

An important consequence of Lemma 1 is that it establishes a bijection between observable
treatment paths and latent compliance types at endline (¢ = 1). Specifically, all units that
remain continuously untreated (D;o = 0, D;; = 0) are never-takers (D;;(1) = D;;1(0) = 0).
All units that remain continuously treated (D;o = 1, D;; = 1) are always-takers (D;;(1) =
D;1(0) = 1). Finally, all units that are untreated at baseline but treated at endline (D;y =
0, D;; = 1) are compliers (D;1(1) > D;1(0)).

Remark 4. Under Assumption SEL(a), units with the observed treatment path (D;o, D;1) =
(1,0) are always-takers at baseline and never-takers at endline, violating Assumption SEL(c).
These units, however, do not enter the parameter of interest A or the estimand considered
below. Therefore, they may be excluded from the data without changing the identification

argument for A\, provided that Assumption SEL holds for the remaining units.

Having established the identifying content of Assumption SEL, I now turn to the identi-
fication of the causal parameters, beginning with the first stage. The following proposition
demonstrates that Assumptions SEL(a) and (b) are sufficient to identify the average effect of
the policy on treatment take-up. Furthermore, the addition of Assumption SEL(c) permits

the point identification of each unit’s latent compliance type.
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Proposition 2. Under Assumptions SEL(a)-(b), the first stage effect of the policy on treat-

ment take-up is identified as:
E|D; (1) — Dil(O)} - IP[D“ - 1} - IP[D,-O - 1}.

Under Assumptions SEL(a)-(c), each unit’s latent type is also identified since D (0) = D;o(0)

almost surely.

Proof. See Appendix Section C.

The intuition behind this result is as follows. Under Assumption SEL(a), any unit observed
taking up treatment at t = 0 is an always-taker. Therefore, the share of always-takers at
t = 0 is identified. Because Assumption SEL(b) holds this share constant over time, the
share of always-takers at ¢ = 1 is also identified. Since all units who select into treatment
at t = 1 are either always-takers or compliers, subtracting the treatment take-up rate at
t = 0 from the treatment take-up rate at ¢ = 1 isolates the share of compliers, yielding the
first stage effect. Finally, by further imposing Assumption SEL(c), Lemma 1 shows that
D;1(0) = D;p(0) almost surely, allowing each unit’s latent compliance type to be identified
from their treatment path.

Building on the identification of the first stage and latent compliance types, I now turn to
the point identification of the target parameter, A. Recall from Section 3.1 that the funda-
mental barrier to identifying A under Assumption PT was the presence of baseline-treated
compliers, for whom the pre-policy untreated potential outcome, Yjo(0), is unobserved. How-
ever, as established by Proposition 2, Assumption SEL ensures that all endline compliers
(Di1(1) > D;1(0)) are necessarily untreated at baseline (D;y = 0). Consequently, the base-
line potential outcome is observed (Y;o = Yjo(0)) for the entire compliant subpopulation,
permitting the point identification of A\ under parallel trends. I formalize this result in the

following proposition.

Proposition 3. Under Assumptions P'T" and SEL, X is identified as follows:
™= E|Yit = Yio | Dio = 0, Dy = 1| = E[Yiy = Yio | Dig = 0, Dy = 0] = A

Proof. See Appendix Section D.

It is instructive to examine the empirical variation leveraged by the estimand 7. The first
expectation, E[Y;; — Yo | Do = 0,D;; = 1], captures the observed intertemporal change
in outcomes for the compliant subpopulation. This first difference reflects both the causal
effect of taking up treatment at endline and any confounding aggregate time shocks. The
second expectation, E[Y;; — Yo | Dio = 0, D;; = 0], evaluates the corresponding over-time
evolution for the continuously untreated never-takers. Under Assumption PT, differencing
out the change in outcomes for never-takers eliminates the confounding time shocks, yielding

a standard difference-in-differences contrast that isolates the LATE, \.
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A direct corollary of Propositions 2 and 3 is that the reduced-form effect of the policy is
also identified.

Corollary 1. Under Assumptions PT and SEL, the reduced-form effect of the policy on the
outcome is identified as follows:

E

Y, (Dﬂu)) — Y, (Dﬂ(())) — E[D;1 (1) — Dy (0)] x A

- (elpu =] -e[ou=1]) <

Having established the point identification of A under Assumption SEL, a natural theo-

retical question is whether these selection conditions could be weakened without imposing
restrictions on treatment effect heterogeneity. Specifically, one might ask whether it is pos-
sible to retain the identification results provided above upon expanding the set of admissible
compliance transitions illustrated in Figure 1b. The answer is negative: point identifica-
tion of A fails if units are additionally allowed to transition from baseline never-takers to
endline always-takers, from baseline compliers to endline always-takers, or from baseline
always-takers to endline compliers.’® T formalize this sharpness of Assumption SEL in de-
tail in Appendix Section E. This highlights a familiar tradeoff between restricting selection
into treatment and restricting treatment effect heterogeneity. In the next section, I proceed
by making exactly this trade-off: I relax Assumption SEL and demonstrate how imposing

restrictions on treatment effect heterogeneity can alternatively restore point identification.

Remark 5. Lemma 1 shows that any unit observed taking up treatment at baseline (D;o =
1) is necessarily an always-taker. These units are excluded from the contrast in Proposition
3 and are not leveraged for the identification of the LATE. Because the estimand 7 only
leverages units that were untreated at baseline, identification relies on a weaker version of
Assumption PT. Specifically, the parallel trends condition is only required to hold for units
with Dy = 0: E[Y;1(0) — Yio(0) | Dio = 0, D3 = 1] = E[Y;1(0) — Yi0(0) | Do = 0,D;; = 0]. A

3.3 Restricting Treatment Effect Heterogeneity In Section 3.2, I demonstrated that
restricting the joint distribution of {D;o(0), Dio(1), D;1(0), D;1(1)} permits the point iden-
tification of A, and established that these selection conditions cannot be relaxed without
simultaneously restricting treatment effect heterogeneity. In this section, I explore this al-
ternative approach: I allow for unrestricted selection transitions—as illustrated in Figure
la—and instead impose restrictions on treatment effect heterogeneity. 1 begin by formaliz-
ing the specific homogeneity condition required to restore point identification.

IBUnder monotonicity, units transitioning from baseline always-takers to endline never-takers are identified

by the observed path (D;p, D;1) = (1,0). If this is the only additional admissible compliance trajectory,
these units may be excluded without loss, leaving the five admissible trajectories in Figure 1b.
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Assumption HET (Treatment Effect Homogeneity). For dy, d; € {0,1}:
E|Yi1(1) = Yi(0) | Dio = do, Dir(0) = dy, Din (1) = 1] = ]E[Y% (1) =Y (0) | Dr(1) =1

Assumption HET imposes two key homogeneity restrictions across the latent subpopula-
tions that select into treatment at endline. First, it requires that the average treatment effect
is equal for both endline compliers and endline always-takers who were untreated at baseline.
Second, it requires that the average treatment effect is equal for endline compliers who were
treated at baseline and endline compliers who were untreated at baseline. I formalize exactly

how this assumption helps identify A in the following proposition.

Proposition 4. Under Assumptions P'T" and HE'T, X is identified as follows:
™= B[V = Yio | Dig = 0, Dy = 1| —E[Yiy = Yo | Dio = 0, Dy = 0] = A

Proof. See Appendix Section F.

Proposition 4 demonstrates that 7—the same estimand leveraged under the selection re-
strictions in Proposition 3—point-identifies A under Assumption HET. To understand the
intuition behind this result, note that under Assumption PT, 7 identifies a weighted average
of the treatment effects for two distinct latent groups: endline compliers and endline always-
takers who were both untreated at baseline. The first restriction of Assumption HET dictates
that the treatment effect is equal across both of these subgroups, permitting identification
of the average treatment effect for baseline-untreated compliers. The second restriction then
imposes that this treatment effect is homogeneous across compliers, regardless of whether
they were treated or untreated at baseline. Consequently, 7 recovers the treatment effect for
the entire compliant subpopulation, \.

While Assumption HET point-identifies the LATE, it is a strong restriction that rules
out, for instance, economic settings characterized by Roy-style selection on gains. Before
jointly relaxing both the selection conditions of Section 3.2 and the homogeneity conditions
of Section 3.3, it is helpful to examine how these assumptions interact. To this end, Section

3.4 introduces a unified framework that nests both approaches.

3.4 A Unified Identification Framework In this section, I provide a generalized repre-
sentation of the LATE that unifies the identification approaches discussed in Sections 3.2-3.3.
This generic framework nests Propositions 3 and 4 as special cases: imposing the selection
conditions of Assumption SEL recovers the point identification result of Proposition 3, while
imposing the treatment effect homogeneity of Assumption HET recovers the result of Propo-
sition 4. Crucially, this unified characterization demonstrates why A\ remains unbounded
whenever Assumption SEL is relaxed and heterogeneity is left unrestricted, underscoring
the sharpness result established earlier in Appendix E. Finally, this generic representation

outlines a pathway for the sensitivity analysis pursued in Section 3.5.
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I begin by defining four parameters that parameterize potential violations of Assumptions
SEL and HET. First, the change in the share of always-takers from baseline to endline is
defined as

AT = P[D;(0) = Dy (1) = 1] — P[Dy(0) = Dy(1) = 1]. (3.1)
Under Assumption SEL(b), A47 is set to 0. Second, the probability that a baseline-treated

unit counterfactually selects out of treatment at endline is defined as
A= P[D;1(0) = 0 | Di(0) = 1] (3.2)

Under Assumption SEL(c), A" is set to 0. Third, the difference in the average treatment
effect between compliers who were treated at baseline and those who were untreated is

denoted as:

he = E[Yi(1) = Y (0) | Dis(1) > Dia(0), Dio = 1] ~E[Yia(1) = Yia(0) | Dia(1) > Dis(0), Dio = 0], (33)

Finally, the difference in the average treatment effect between baseline-untreated always-

takers and baseline-untreated compliers is denoted as:

Kar = E[Yil(l) ~ Y1(0) | Dir(1) = Di1(0) = 1, Do = o] - JE[Y; (1) — Y1 (0) | Di(1) > Di1(0), Do = 0], (3.4)

Under Assumption HET, k¢ and kar are set to 0. With these parameters defined, the
following proposition expresses the LATE, A, as a function of these parameters and the
estimand, 7.

Proposition 5. Under Assumption PT and P[D;(1) > D;(0)] = 1,
AAT + AChW"P[DiO — 1]

P[D;y =0,D; = 1]

AP Dy = 1] — H{A™ > 0}P[Dyg = 1, Dy = 0]
P[D;; = 1] — (P[Dy = 1] + AAT)
Proof. See Appendix Section G.

AN=T — KA

+/€C

Proposition 5 nests Propositions 3 and 4 as special cases. Specifically, observe that im-

= A — (), yielding

posing the selection conditions of Assumption SEL forces both A4
A = 7 as established in Proposition 3. Importantly, this point identification holds regardless
of the treatment effect heterogeneity parameters, kar and ko. However, if the selection
restrictions are relaxed such that either A4T > 0 or A > (. \ becomes unbounded,
because kar and k¢ can be arbitrarily large or small absent additional assumptions. The
alternative solution, as derived in Proposition 4, is to impose the homogeneity of Assumption
HET, setting ka7 = ko = 0, which once again restores point identification regardless of the

selection parameters A47 and A,
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Setting ka7 = ke = 0, as required by Assumption HET, may prove implausible in empir-
ical settings characterized by Roy-style selection on gains. In Section 3.5, I relax this strict
homogeneity by considering user-specified bounds on k7 and k¢ to limit the permissible
degree of unobserved heterogeneity. By combining these bounds with additional pre-period
data to estimate the selection parameters (A4T and A**™) T demonstrate how researchers
can assess sensitivity of their causal conclusions under different degrees of unobserved het-

erogeneity.

3.5 Sensitivity Analysis While the homogeneity restrictions imposed by Assumption
HET might be plausible in certain contexts (see, e.g., Kowalski, 2023), they may prove un-
palatable in other empirical settings. Notably, if units sort into treatment according to their
anticipated gains—for instance, if always-takers adopt the treatment at baseline precisely
because they anticipate a systematically larger treatment effect than the compliers—then
this homogeneity is violated. In this section, I relax Assumption HET and instead restrict
how much treatment effects are permitted to diverge across latent compliance types. Under
this bounded heterogeneity restriction, the causal parameter of interest, A, is partially iden-
tified. I demonstrate how this partial identification framework can be leveraged to conduct
sensitivity analyses, allowing researchers to assess what causal conclusions can be robustly
drawn under parameterized violations of Assumption HET.!4

I begin by formalizing the specific bounded heterogeneity assumption that facilitates this

partial identification strategy.

Assumption BH (Bounded Heterogeneity). For known constants Mq, Mar > 0:
‘ch‘ < Mg and ’HAT‘ < Mar

Assumption BH constrains the maximum plausible difference in average treatment effects
across latent subgroups using two user-specified sensitivity parameters. Specifically, the
researcher sets M¢ to restrict the difference in average treatment effects between baseline-
treated and baseline-untreated compliers, while setting M 47 to restrict the difference between
baseline-untreated always-takers and baseline-untreated compliers. I formalize the resulting

bounds for A under Assumption BH in the following proposition.
Proposition 6. Under Assumptions P'I" and BH,
A€ |T— Mar - war — Mo -we , T+ Mar - war + Me - we

P[D;0=0,D;1(1)=D;1 (0)=1
P[Di0=0,D;1=1]

| _ P[Dio=1,D;1(1)>D;1(0)]
and we = IPO[DZ-1(1)1>D2'1(0)1]

where war =
Proof. See Appendix Section H.
MFor recent examples of similar approaches to sensitivity analysis and partial identification, see Manski and

Pepper (2018), Rambachan and Roth (2023), and Kwon and Sun (2025).
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Proposition 6 establishes bounds for A under the assumption of bounded heterogeneity. If
the researcher imposes strict homogeneity by setting M r = Mo = 0, the bounds collapse
exactly to the point estimate 7, recovering the result from Section 3.3. Conversely, as
M a7, Mc — 00, the interval expands to the real line, recovering result of Proposition 1 where
both selection and heterogeneity are left fully unrestricted. Crucially, the width of these
bounds is governed by the user-specified sensitivity parameters (Mar and M¢) and their
respective subpopulation weights (war and we). Because these weights depend on latent
compliance transitions, they are not yet identified absent additional assumptions. Before
demonstrating how to point-identify these weights using additional pre-period data, I first
summarize how applied researchers can leverage these bounds to characterize a “breakdown
frontier’”: the set of values for the sensitivity parameters beyond which a specific causal
conclusion breaks down. For instance, an empirical researcher might ask: how severe must
the unobserved heterogeneity be before the bounds on A include zero? I formalize this in the

following corollary.

Corollary 2. Without loss of generality, assume that 7 > 0. The breakdown frontier, BY,
is characterized by the values of M 47 and M such that the lower bound in Proposition 6 is

equal to zero. This set is given by all pairs of (Mar, M¢) such that Marwar + Mcowe = 7:
B° = {(MAT> Mc) ‘ Marwar + Mcwe = T}

Similarly, the breakdown region, B~, is characterized by the values of M r and Mg such
that the lower bound in Proposition 6 is strictly negative. This set is given by all pairs of
(Mar, Mc) such that Marwar + Mcowe > T:

B~ = {(MAT,MC) ’ Marwar + Mcwe > T}

Corollary 2 formalizes how the bounds in Proposition 6 can be leveraged to evaluate the
sensitivity of causal conclusions to varying degrees of unobserved heterogeneity. The break-
down frontier, B, represents the level of unobserved heterogeneity where the researcher can
no longer conclude that A is strictly positive. Applied researchers may robustly conclude that
\ is positive if every pair (Mar, M) on the breakdown frontier B represents an implausibly
large degree of treatment effect heterogeneity.'®

To operationalize the approach described in this Section, it remains to identify the weights
we and war. In Appendix Section I, I show how additional pre-period data can be leveraged

to identify these weights under monotonicity and a weak stationarity condition.

1510 practice, researchers may benchmark the magnitude of these sensitivity parameters against the estimand
T, against the standard deviation of the outcome distribution among units who are continuously untreated,
or against existing causal evidence.
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4  PARTIAL IDENTIFICATION OF A

In Section 3.2, I established that A can be point-identified by imposing restrictions on
the class of admissible selection mechanisms. However, by setting A47 and A —ag
defined in Equations 3.1 and 3.2, respectively—to zero, this approach precludes selection
into treatment based on time-varying unobservables. Alternatively, Section 3.3 establishes
point identification by assuming treatment effect homogeneity across latent compliance types.
However, setting k¢ and ka7—as defined in Equations 3.3 and 3.4, respectively—to zero rules
out economic models of selection on gains. Finally, Section 3.5 relaxes these strict conditions
via bounded heterogeneity. While this framework provides a valuable tool for sensitivity
analysis, the resulting bounds on A rely on ad-hoc, user-specified sensitivity parameters.

This section introduces a flexible Marginal Treatment Effects (MTE) framework for partial
identification (Heckman and Vytlacil, 1999, 2005; Mogstad, Santos and Torgovitsky, 2018).
This approach simultaneously relaxes the selection restrictions of Assumption SEL and the
homogeneity restrictions of Assumption HET, yielding bounds on A that are not governed
by user-specified sensitivity parameters as required by Assumption BH. This bounding ap-
proach is operationalized via a tractable linear programming framework that provides three
important advantages over the preceding strategies. First, it allows researchers to flexibly
adjust the maintained assumptions without requiring additional identification analysis. For
instance, one can readily incorporate proposed relaxations of Assumption PT, as in Ram-
bachan and Roth (2023). Second, it enables researchers to systematically tighten the identi-
fied set for A by incorporating economically motivated shape restrictions as constraints—for
example, imposing that units are weakly more likely to select into treatment if they antic-
ipate a larger treatment effect. Finally, this approach permits the partial identification of
alternative target parameters beyond A, such as the Average Treatment Effect on the Treated
(ATT), within the same framework.

The remainder of this section proceeds as follows. In Section 4.1, I describe a model
where treatment is governed by a weakly separable selection equation. Crucially, I allow
for multidimensional unobserved heterogeneity, permitting period-specific unobservables to
govern treatment takeup in each period. A key theoretical contribution is demonstrating
how the joint distribution of these selection unobservables can be identified under a mild
stationarity condition and a restriction on their dependence structure. Section 4.2 introduces
the Marginal Treatment Response functions, and formally defines the treatment effect surface
and target parameter \. Section 4.3 then operationalizes this approach by parameterizing
the Marginal Treatment Response functions and imposing economically motivated shape
restrictions. I conclude by demonstrating how partial identification of A translates into a

standard linear programming problem, yielding sharp, easily computable bounds.
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4.1 Identification of Selection Primitives I define a threshold-crossing model of treat-
ment selection characterized by multidimensional, period-specific unobserved heterogeneity.
Let (Vjo, Vi1) denote a vector of latent scalar unobservables, where each V; represents indi-
vidual ¢’s underlying resistance to taking up the treatment in period ¢t € {0,1}. Let v,(z)
denote the structural threshold for treatment selection in period ¢ when the active policy
state is Z; = z. Crucially, this formulation imposes that latent resistance Vj; is invariant
to the policy state. It is required that the potential treatment decision for individual i in

period t under policy state z is given by the weakly separable selection equation:
th(z) = ]]-(V;t S Vt(z)) for t,Z S {Oa ]-}

Let Fy, and Fy, denote the marginal cumulative distribution functions of the latent un-
observables V;y and Vj;, respectively. To map this structural selection model into iden-
tified propensity scores, I apply the probability integral transform. Define the normal-
ized latent unobservables as U; = Fy,(Vi;) and the transformed selection thresholds as
pi(2) = Fy,(1(2)).'° T impose the following regularity conditions on the distribution of

these latent variables.
Assumption SRC (Selection Regularity Conditions).

(a) The marginal distribution functions Fy, and Fy, are absolutely continuous and strictly
increasing.

(b) The joint distribution of (U, U;;1) belongs to a specified one-parameter family of
absolutely continuous copulas {Cj : 6 € O}, and for every fixed (ug,u;) € (0,1)?, the
mapping 0 — Cy(ug, uq) is strictly monotonic.

Under Assumption SRC(a), the structural selection equation can be equivalently expressed

in terms of the normalized variables:
Dit(z) = H(Uit < Pt(z))-

Before proceeding, it is instructive to explicitly delineate which components of the se-
lection model are identified thus far. By the probability integral transform, the marginal
distributions of the normalized selection unobservables are standard uniform, U;; ~ Unif]0, 1].
Consequently, the transformed threshold p,(z) maps to the unconditional probability of treat-
ment in period ¢ under policy state z, yielding p;(z) = P[D;(z) = 1]. Because the policy
is switched off at baseline (Z, = 0) and switched on at endline (Z; = 1), the realized
thresholds are point-identified by the observed treatment shares: py(0) = P[D;y = 1] and
p1(1) = P[D;; = 1]. This leaves two selection primitives unidentified: the counterfactual
endline threshold, p;(0) = P[D;1(0) = 1], and the joint distribution of the unobservables,

161 impose Assumption SEL(a) throughout. Within this structural model, this condition requires that
p+(1) > p:(0) for all ¢.
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(Uso, Uu).17 In the remainder of this subsection, I demonstrate how both of these remaining
selection primitives can be recovered using the selection parameters A47 and A" defined
in Equations 3.1 and 3.2, respectively.'®

I begin with the identification of p;(0). Recall that, under within-period monotonicity,
the change in the share of always-takers across periods is equal to the difference between the
counterfactual endline threshold and the observed baseline threshold: A4T = P[D;;(0) =
1] = P[D;p(0) = 1] = p1(0) — po(0). Because the baseline threshold is directly observed in
the data (po(0) = P[D;o = 1]), the counterfactual endline threshold is point-identified as:
p1(0) = po(0) + A4,

Next, I demonstrate how the joint distribution of (U, U;;) is point-identified under the
copula restriction of Assumption SRC(b). I leverage the counterfactual drop-out rate, A",
which represents the probability of counterfactually selecting out of treatment at ¢ = 1,
conditional on having selected into treatment at t = 0:

PUio < po(0), Ui < p1(0)]
po(0)

Because po(0) is observed, and p;(0) and A“*“™ are identified, this identifies the joint

cumulative distribution function of the unobservables at exactly one interior coordinate,

(po(0),p1(0)): P[Uio < po(0),Uix < p1(0)]. Absent further structural restrictions, the de-

pendence structure over the remainder of the support [0,1] x [0,1] would not generally

Achurn —1—

(4.1)

be point-identified. However, Assumption SRC(b) restricts this joint distribution to a
single-parameter copula. Let the joint CDF of the normalized unobservables be denoted
by Cp(ug, u1), where # € © is the unknown scalar dependence parameter. Rearranging
Equation 4.1 and plugging in P[U;y < po(0), U < p1(0)] = Cy(po(0), p1(0)):

Co(po(0), p1(0)) = po(0)(1 — A™™),

Because pg(0), p1(0), and A are all identified, this constitutes a single equation with
a single unknown parameter, 6, within the specified copula family. Crucially, Assump-
tion SRC(b) imposes that for any fixed interior coordinates (ug,u;) € (0,1)%, the copula
Cy(ug, up) is strictly monotonic in the dependence parameter 6. Because this mapping is
strictly monotonic, identifying the joint probability at a single interior point (po(0), p1(0)) is
sufficient to uniquely identify the dependence parameter 6. Once 6 is point-identified, the
joint distribution Cy(ug,u) is fully characterized on [0, 1] x [0, 1].

Remark 6. In settings characterized by discrete variation (here, the variation induced by
Z;) and multidimensional unobserved heterogeneity (here, the period-specific resistances Uyo
1TUnder maintained within-period monotonicity, imposing p1(0) = po(0) and U;g = U;; almost surely is
sufficient for Assumption SEL, as illustrated in Remark 3.

1875 demonstrated in Appendix I, AT and A" can be point-identified using additional pre-period data
under mild stationarity conditions.
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and U;1), point identification of the joint distribution of selection unobservables is generally
infeasible (see, e.g., Kamat, Norris and Pecenco 2026). However, in this framework, iden-
tifying the selection parameters (A47 and A¢"“™) together with a specified one-parameter
copula family satisfying Assumption SRC(b) is sufficient to fully recover these selection
primitives. Standard copula families, including the Gaussian, Clayton, Gumbel, and Frank
families (Nelsen, 1999), provide possible specifications. Appendix Section I describes how

AAT and A can be identified using additional pre-period data.

4.2 Marginal Treatment Responses and Target Parameters Having fully charac-
terized the joint distribution of the unobservables governing selection, I now map these latent
variables to the potential outcomes. I define the two-dimensional Marginal Treatment Re-
sponse (MTR) surface as the expected potential outcome conditional on the latent selection

unobservables, U;o and Uj;:
mZ(Uo,ul) = E[Y;t(d) ’ Uio = uo, Uy = Ul]-

Consequently, the Marginal Treatment Effect (MTE) surface at endline (¢t = 1) is defined by
the difference in these MTR functions:

my(ug, ur) — mg(ug, ur) = E[Y;1(1) — Y (0) | Uip = uo, Uiy = uy].

Specific causal parameters of interest can be expressed as distinct weighted averages inte-
grated over this treatment effect surface. For instance, the target parameter A—the Local
Average Treatment Effect for period-1 compliers—is formulated by integrating the differ-
ence in these state-specific MTRs over the period-1 complier region, weighted by the copula

density:

1 p1(1) pl ) )
)\:m/(o) /0 <m1(u0,u1)—mo(uo,u1)>09(u0,u1)duodul (4.2)
p1

Expressing the target parameter in terms of MTR functions does not itself provide addi-
tional identifying power. Even when the selection primitives are identified, A can remain
unbounded without further restrictions on the MTR functions. In the next section, I begin
by parameterizing the MTR functions, m}(ug, u;), as flexible polynomials in the selection

unobservables, thereby imposing smoothness on the MTE surface.

4.3 Characterizing the Identified Set I begin by parameterizing the MTR functions

as linear in the period-specific unobservables, noting that this framework naturally extends
to more flexible polynomial basis functions in practice.

9As noted by Mogstad, Santos and Torgovitsky (2018), Bernstein polynomials provide a flexible parameteri-
zation of the MTR surfaces that remains linear in the unknown coefficients. Let by x(u) = (Ik() uF(1—u)E=F,

I parameterize each bivariate MTR surface as m;(ug, u1) = ZkK:O Zf:o Ot kebk, ik (wo)be, i (u1). Because the
basis functions are nonnegative and sum to one, constraining the coefficients to [0, 1] ensures that binary-
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Let the MTR for treatment status d € {0,1} in period ¢ € {0,1} be defined by the
parameter vector v = (70, V4.1, Va2)"
m&(um uy) = Vfl,o + 73,1U0 + ’73,2“1-
Crucially, under this linear specification, the target parameter A reduces to a simple lin-
ear combination of the MTR parameters. By substituting the linear MTR functions into
Equation 4.2, A may be re-written as:

p1(0) € Un <pr(D)] + (12 =82) - E[Uin | p1(0) U <pu(1)] - (43)

A= (’711,0 - ’Yé,o) + (11— 75,1) : E[Uio

As demonstrated in Section 4.1, the selection primitives are point-identified, such that the
conditional expectations E[U; | p1(0) < Uy < pi(1)] are known for t € {0,1}. Therefore,
the target parameter A is linear in the MTR parameters. To bound ), it remains to constrain
~1 and 4. To do so, I define a linear program with Equation 4.3 as the objective function. In
what follows, I describe the observed moments and economically motivated shape restrictions
that constrain the MTR parameters. I then maximize and minimize Equation 4.3 subject
to this system of constraints, yielding sharp bounds for A.

Observed Moment Conditions: The first set of constraints is implied by the observed
moment conditions that restrict the expected MTRs. Specifically, units in the population
realize one of four possible treatment paths: (dy,d;) € {(0,0),(0,1),(1,0),(1,1)}. Taking
the expectation of the linear MTR function conditional on a specific realized path yields the

following equality for each period ¢ € {0, 1}:

V.0 + V4, 1E[Uio | Dio = do, Dix = di] + 7}, oE[Ui1 | Dig = do, Dix = d1] = E[Yi¢ | Dio = do, Diy = di]

Since the joint distribution of unobservables is point-identified via the copula density
cg(ug, u1), the conditional expectations of Uy and U;; evaluate to known scalar constants.
Consequently, matching the structural MTRs to the observed data generates a system of
linear equality constraints on the unknown parameters, 5.

Parallel Trends: I next turn to the constraints on the MTR parameters imposed by

Assumption PT, which requires that
E[m(l)(Uim Uil) - mg(Uz‘m Uﬂ) ’ Dio = dy, Dy = dl] = AT

for all treatment paths (dy, dy) € {(0,0),(0,1),(1,0),(1,1)}. By substituting the parameter-

ized MTR above, the restriction can be equivalently stated as:

outcome MTRs remain in [0, 1]. Economically motivated shape restrictions can also be expressed as linear
constraints on the coefficients, allowing the bounds to be computed by linear programming. In the empirical
application in Section 6, I set K = 4 in each latent variable.
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(76,0 = Y0.0) + (W01 — 10.1)EUio | Dio = do, Dix = da] + (v6.2 — 710.2)ElUi1 | Dio = do, Diy = di] = APT,

Shape Restrictions: Next, I consider two frequently considered shape restrictions in
the partial identification literature. First, monotone treatment response restrictions impose
that the treatment effect is non-negative for all units (Manski, 1997). Motivated by this,
I require m}(ug,u1) — m§(ug,u1) > 0 everywhere on the unit square. Given the linear
parameterization, this restricts the period-specific MTR parameter vectors 41 and ~{ such
that:

(Mo —00) T (1 —%1)uo + (2 —02)ur =0 for all (ug, uy) € [0,1]%

Because the treatment effect surface is affine in ug and u;, this inequality holds globally over
the domain if and only if it is satisfied at the four vertices of the unit square. Therefore,
this shape restriction reduces to a tractable system of four linear inequalities for each period

t € {0,1}:

’Yi 0 ’780 > 0, (’Vio - ’Yé,o) + (’Vil - ’78,1) >0

(%,0 - 78,0) + (%,2 - 76,2) > 0, (%,0 - 78,0) + (%,1 - 76,1) + (%2 - 76,2) >0

Second, I consider a restriction on selection motivated by Manski and Pepper (2000): con-
ditional mean potential outcomes are weakly decreasing in each latent unobservable. Specif-
ically, units with a higher propensity to select into treatment (i.e., those with lower un-
observed resistances ug and uj) possess weakly higher potential outcomes, so that for all
periods ¢ € {0,1} and treatment states d € {0, 1}:
om(ug, uy)
Oug
om(ug, u)
Oouq

With the objective function and the full system of constraints now defined as linear in the

<0 <= 75, <0

<0 <= 75, <0

MTR parameters, bounding A reduces to a standard linear programming problem. Specif-
ically, I calculate the sharp lower and upper bounds, [Amin, Amax|, relative to the specified
MTR class and the maintained moment and shape restrictions, by minimizing and maximiz-

ing Equation 4.3 over the resulting feasible set.

5 WHAT DO EXPOSURE DESIGNS IDENTIFY UNDER UNIVERSAL PoLicy CHANGES?

The preceding sections establish how restrictions on selection and treatment-effect het-
erogeneity identify or bound the LATE under universal policy exposure. In this section, I
use this framework to examine a common empirical alternative. When a policy is imple-

mented simultaneously for all units, researchers often leverage cross-sectional heterogeneity
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in how exposed units are to the policy change in order to form treatment and compari-
son groups. Exposure—or policy “bite”’—is generally based on the policy’s expected effect on
treatment take-up across groups. Revisiting Example 2.1, a researcher might conjecture that
a reform reducing the administrative costs of welfare enrollment disproportionately affects
individuals who were not enrolled at baseline compared to those who were already enrolled.
Consequently, less exposed units—those already enrolled in the welfare program—are lever-
aged as a control group, while more affected units—those not enrolled at baseline—serve as
the treatment group.?’ An exposure design then compares changes in outcomes between the
two groups. This section characterizes the resulting estimand and establishes the conditions
under which it admits a causal interpretation.

This approach relies on the following difference-in-differences estimand:
B =E|Ya — Yo | Dio = 0] —E|Yu — Yio | Dio =1]. (5.1)

It is instructive to contrast the variation leveraged by the exposure design estimand, (3, in

Equation 5.1 with the estimand, 7, proposed in Section 3:
7 =E|Ya Yo | Dip =0, D5 = 1] = E|Ysi = Yig | Dig =0, Dy = 0].

[ relies entirely on cross-sectional variation in baseline treatment status, comparing units
who were untreated at baseline to those who were treated at baseline. It does not leverage
any intertemporal variation in treatment take-up. In contrast, 7 compares baseline-untreated
units who subsequently select into treatment to those who remain continuously untreated. By
excluding all baseline-treated units from the estimand, 7 eliminates cross-sectional variation
in baseline exposure, relying solely on the policy-induced variation in treatment take-up.
Next, I examine what the estimand S identifies under Assumption PT. I proceed term by
term, beginning with the first term in Equation 5.1. The following lemma establishes that
the expected change in outcomes among the baseline-untreated units captures the sum of
the aggregate counterfactual trend, AP?, and the average treatment effect for units with the
realized treatment path {D;y = 0, D;; = 1}, i.e., switchers who select into treatment after

the policy is implemented but remained untreated at baseline.

Lemma 2. Under Assumption PT:
E[Y;; — Yo | Dip = 0] = AFT +]E[Y;1(1) —Yi1(0) | Dio=0,Dy =1| -P[D;y =1| Dy =0].

Proof. See Appendix Section J.
Next, I examine what the second term in Equation 5.1, E[Y;; — Yjo | Dy = 1], isolates

under Assumption PT. The motivation for subtracting this term from the expected change

20For an illustrative, non-exhaustive selection of recent applications of this exposure design, see Argys et al.
(2020); Deza et al. (2024); Cholli and Wu (2026).
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in outcomes among the baseline-untreated units is to difference out the confounding aggre-
gate time trend, AP, ensuring that the variation identified in Lemma 2 captures a causal
effect of the policy. However, if this moment captures unobserved dynamics beyond the ag-
gregate time trend, it may induce bias in the identified parameter. In the following lemma,
I demonstrate that the expected change in outcomes for the baseline-treated units captures
the sum of the counterfactual trend and the intertemporal change in treatment effects for
the continuously treated subpopulation. For ease of exposition, I additionally assume that
P[D;; = 0| Dy = 1] = 0, though Appendix Section K provides a general decomposition
without this restriction.

Lemma 3. Under Assumption PT and P[D; =0 | Dy = 1] = 0:

E[Yii — Yo | Do =1 =A""+E

(5/;1(1) - Yl’l(@) - (}/;0(1) - Y;'O(O)> | Dip =1,Dy = 1]~

Proof. See Appendix Section K.
Combining the results from Lemma 2 and Lemma 3, the exposure design estimand, (3, can
be decomposed as follows:

b= E[Yz‘l(l) =Y (0) | Dio=0,D; = 1} -P[Djy = 1| Dy = 0]

J/

~
Causal Effect among Switchers

—-E

(Ya(1) = ¥a(0)) = (Yio(1) = Yo0)) | Dio = 1, Dy = 1] .

[\ /

~~
Bias from Time-Varying Treatment Effects

This decomposition highlights that § identifies the causal effect of the policy for the switch-
ers, minus a bias term driven by time-varying treatment effects of the continuously treated
subpopulation. Importantly, because this intertemporal change in treatment effects may
take the opposite sign of the true causal effect of the treatment, 5 can be theoretically
mis-signed relative to the target parameter absent additional restrictions.?! Taken together,
Lemmas 2 and 3 imply that time-invariance of treatment effects is a necessary condition for
the exposure design estimand to identify a (weakly) causal effect of the policy.

2LAppendix Section M.1 characterizes the magnitude of bias required for the exposure-design estimand, £,
to have the opposite sign from the period-1 LATE, A\. Under Assumption PT and homogeneous post-period
treatment effects, sign reversal occurs when the average change in treatment effects among baseline-treated
units, normalized by A, exceeds the differential change in treatment take-up between the two baseline groups.
For example, suppose that 10 percent of baseline-untreated units enter treatment, 5 percent of baseline-
treated units exit, and A = 1. The differential change in take-up is then 0.15. If the average treatment effect
among baseline-treated units is 0.20 larger in period 1 than in period 0, then 5 = 1(0.10+0.05)—0.20 = —0.05.

The exposure-design estimand is therefore negative even though the post-period treatment effect is positive
for every unit.
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Having established that the time-invariance of treatment effects is a necessary condition
for identification, a natural subsequent question arises: exactly which causal parameter does

[ recover when this restriction holds? I formalize this result in the following proposition.

Proposition 7. Suppose that the effect of the treatment is strictly time-invariant among
baseline-treated units: E[Y;O(l) —Yi(0) | Do = 1} = IE[Yﬂ(l) —Y1(0) | Dy = 1]. Under
Assumption PT:

B =E|Ya(1) = Ya(0) | Dis = 0,Du = 1) - PD = 1| Do = 0]
+E[Yﬂ(1) —Y;(0) | Dy =1, Dy = 0] P[Ds = 0| Dig = 1].

Proof. See Appendix Section L.

The parameter identified in Proposition 7 is challenging to interpret because it is a non-
convex weighted average of treatment effects across distinct latent compliance types. The
first term identifies the average treatment effect for units with the realized path {D;y =
0, D;1 = 1}, who enter treatment after the policy is implemented. Absent additional restric-
tions, this subgroup is a mixture of period-1 compliers and always-takers. The second term
identifies the average treatment effect for units with the realized path {D;y = 1, D;; = 0},
who exit treatment at endline despite being treated at baseline. Under monotonicity, this
subgroup consists of units who are always-takers at ¢ = 0 but become never-takers at ¢t = 1.
Therefore, without further restrictions on the evolution of compliance types, 3 generally does
not correspond to the average treatment effect for a well-defined latent subpopulation.
Remark 7. Applied researchers frequently leverage baseline exposure as an instrument for
the effective “bite” of the policy under a linear outcome model, appealing to the identifica-
tion results in Goldsmith-Pinkham, Sorkin and Swift (2020) (for a recent application, see
Finkelstein, Notowidigdo and Shi, 2026). In Appendix Section M.2, I relate the identifi-
cation arguments developed in this paper to the exposure designs interpretation of Bartik
instruments in Goldsmith-Pinkham, Sorkin and Swift (2020) and demonstrate that baseline

exposure serves as a valid instrument if and only if treatment effects are time-invariant. W

Remark 8. If one additionally assumes that the causal effect is homogeneous across switch-
ers, such that ]E[}/;l(:[)—}/;l(()) | DiO = 0, Dil = 1] = ]E[Y; (1)-%1(0) ‘ DiO = 1, Dil = 0], then
[ identifies the average treatment effect among switchers scaled by the differential change in

treatment take-up. Specifically:
B = E[¥a(1) = Ya(0) | Dio # Da] - (P[Du = 1| Dig = 0] + P[Dia = 0| Do = 1])
— E[Ya(1) = Ya(0) | Dio # Du] - (E[AD: | Dig = 0] = EIAD; | Dy = 1]).

where ADZ = Dil — Dio. The term E[ADZ ’ DiO = O] — E[ADZ ’ DiO = 1] Captures how
the “bite” of the policy is differential across baseline take-up. Consequently, dividing 3
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by the differential change in take-up yields the familiar Wald-DiD estimand considered by
De Chaisemartin and d’Haultfoeuille (2018). [

Remark 9. A practical advantage of exposure designs is that they can be implemented
using pooled panel data and a continuous measure of baseline exposure, whereas estimating
T requires unit-level panel data. However, Sun and Shapiro (2022) show that, even within
a linear panel model, exposure designs need not recover even a weighted average of het-
erogeneous unit-level effects. On the other hand, panel microdata on unit-level treatment
paths permit researchers to accommodate treatment-effect heterogeneity, relaxing the strong

homogeneity assumptions required to interpret conventional exposure designs. [ |

6 APPLICATIONS

This section illustrates the usefulness of the proposed framework in two real-world settings.
Section 6.1 conducts a falsification exercise using the Oregon Health Insurance Experiment,
where random assignment provides an independent experimental benchmark against which
to compare the LATE estimated using the strategy proposed in this paper. This exercise is
informative about the plausibility of the identifying assumptions proposed in this paper: the
experimental benchmark allows me to assess whether those assumptions jointly recover the
experimental LATE. The two estimates need not align because treatment take-up remains
endogenous in the nonexperimental analysis. If individuals who take up treatment differ
from those who do not in their counterfactual outcome trends or treatment gains, the panel
estimand will generally differ from the experimental LATE. I then apply the method to
Medicare Part D in Section 6.2, a universal reform to which the entire eligible population

was exposed and for which no natural, credibly unaffected control group exists.

6.1 Oregon Health Insurance Experiment In 2008, Oregon randomly gave a group of
low-income uninsured adults the opportunity to apply for Medicaid. Taubman et al. (2014)
leverage this random variation to estimate the effect of Medicaid coverage on emergency
department (ED) use. Medicaid enrollment nevertheless remained an individual choice.
Some lottery winners did not enroll, while 15% of the control group obtained coverage
through other channels. Thus, among lottery winners, those insured at endline include
both individuals induced to enroll by the lottery and individuals who would have obtained
coverage without it.

Within the treatment arm, the lottery operated as a universal shock that reduced the
cost of obtaining Medicaid coverage for everyone selected. I therefore restrict the analysis
to lottery winners, reproducing a universal rollout in which the policy reduces the cost of
treatment take-up but take-up itself remains endogenous. Because all respondents were
uninsured at baseline, D,y = 0 holds mechanically. I compare the change in an indicator
for any ED use between baseline (Yj9) and endline (Y;;) among individuals who obtained
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coverage (D;; = 1) with the corresponding change among those who remained uninsured
(D;; = 0). Specifically, conditioning on prior ED utilization, I estimate the following:

7 =E|Yii — Yo | Dio =0, Dy = 1] = E|Yi = Yig | Dig =0, Dy = 0].

As shown in Section 3.3, 7 identifies the LATE under Assumptions PT and HET. In
this setting, Assumption PT requires that individuals who obtained coverage and those who
remained uninsured would have experienced the same average change in ED use without
Medicaid. A sufficient condition is that this average change does not vary with the factors
driving enrollment (Ghanem, Sant’Anna and Wiithrich, 2026a). Obtaining coverage through
the lottery required completing an application and documenting eligibility (Taubman et al.,
2014), suggesting that differences in take-up may partly reflect enrollment costs rather than
changes in healthcare needs. Assumption HET requires that, conditional on prior ED utiliza-
tion, Medicaid have the same average effect for individuals induced to enroll by the lottery
and those who would have obtained coverage through other channels. Although Medicaid’s
effect on ED visits may vary across latent compliance types, Kowalski (2023) shows that
prior ED utilization explains nearly all of the estimated heterogeneity. After conditioning on
prior ED use, the estimated marginal treatment effect curve is approximately flat, providing
support for Assumption HET in this setting.

Figure 2 presents the results. Taubman et al. (2014) estimate that Medicaid increased
the probability of an ED visit by 7.0 percentage points among individuals induced to enroll
by the lottery. The estimate obtained using 7 is 7.3 percentage points, closely matching
the experimental benchmark. For the number of ED visits, 7 yields an increase of 0.39
visits, compared with 0.40 using lottery assignment.”? This agreement is not mechanical: 7
uses only lottery winners and could differ from the experimental LATE if those who obtain
coverage would have experienced different untreated outcome trends from those who remain
uninsured, or if compliers and always-takers experience different treatment effects. The
results provide evidence that the identifying restrictions are plausible in this setting, and
illustrate how panel variation in endogenous treatment take-up can reproduce experimental

benchmarks without a comparison group unexposed to the policy.

6.2 Introduction of Medicare Part D Introduced in 2006, the Medicare Part D pro-
gram provided subsidized access to prescription drug coverage for all US adults aged 65 and
older. The policy allowed eligible individuals to choose among several subsidized plans, uni-
versally reducing the out-of-pocket cost of obtaining prescription drug insurance. Prior to the
reform, approximately 80% of elderly US adults already held some form of prescription drug

coverage. Following the introduction of Part D, coverage increased but approximately 2.6

22Random assignment implies that compliers among lottery winners have the same average treatment effect
as compliers in the full experimental population. Under Assumptions PT and HET, the two strategies
identify the same LATE.
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F1GURE 2. Effect of Medicaid on Emergency-Department Use
Notes. Panels (a) and (b) report estimated effects of Medicaid coverage on the probability of any ED visit and the
number of ED visits, respectively. Experimental estimates instrument Medicaid coverage with lottery assignment.
The proposed estimator, 7, compares changes in ED use between lottery winners who enrolled in Medicaid during the
study period and those who did not. Both specifications include household lottery-list size indicators; the experimental
specification also controls for the baseline outcome. The 95% confidence intervals are plotted; standard errors are
clustered by household.
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million individuals (or 7.5% of the eligible population) remained uninsured, in part because
the residual premium costs remained too high (Heiss, McFadden and Winter, 2006).

A prominent literature leverages the Medicare eligibility threshold to estimate the effects
of Part D on financial protection, health, and labor supply by comparing individuals aged 65
and older with those just below the age threshold (Engelhardt and Gruber, 2011; Huh and
Reif, 2017; Wettstein, 2020). Using this design, Wettstein (2020) finds evidence that Part D
reduced labor supply by alleviating “retirement lock.” Such designs, however, require Part D
to have had no effect on the younger comparison group. This assumption is difficult to defend.
Alpert, Lakdawalla and Sood (2023) show that Part D increased prescription-drug utilization
among the nonelderly through increased pharmaceutical advertising, while Card, Dobkin and
Maestas (2009) and Diamond et al. (2018) provide evidence that individuals time health-
care use around anticipated insurance coverage, implying that individuals approaching age
65 need not constitute an unaffected control group. The introduction of Part D is therefore
more naturally viewed as a universal policy that reduced the cost of obtaining prescription-
drug coverage for the entire eligible population and thereby induced coverage take-up among
the previously uninsured. Using only individuals who were already Medicare-eligible before
the reform, I identify the effect of prescription-drug coverage among those induced to obtain
it by Part D, without relying on younger individuals as an unaffected control group.

Using the biennial waves of the Health and Retirement Study from 2002 through 2010
(Health and Retirement Study, 2025), I estimate the effects of prescription-drug coverage
induced by Medicare Part D on medication use and out-of-pocket costs, self-reported health,
and labor supply.”® I represent the introduction of Part D by Z; = 1{t > 2006} and define
D;; as an indicator for prescription-drug coverage.

Proposition 2 identifies the first stage effect of Part D under two restrictions. First, mono-
tonicity requires that the reform weakly increased each individual’s likelihood of obtaining
prescription-drug coverage. This assumption is mild because Part D reduced the cost of ob-
taining coverage, making it unlikely that anyone eligible for the subsidy would lose coverage
because of the reform. Second, the share of always-takers must remain constant over time.
Under monotonicity, the observed pre-reform coverage rate identifies this share. Figure 3
supports this restriction: coverage remained nearly unchanged between 2002 and 2004. Un-
der these two assumptions, Proposition 2 shows that the first stage can be estimated by
subtracting the 2004 coverage rate from the observed 2006 coverage rate. Therefore, Part
D causally increased prescription-drug coverage by 16.6 percentage points, from 75.6% to
92.2%.%

23To avoid changes in sample composition from individuals aging into Medicare eligibility, I restrict the
sample to respondents who were at least 65 years old in 2002.

24The 2006 coverage rate implies an uninsured rate of 7.8%, closely matching the 7.5% reported by Heiss,
McFadden and Winter (2006).
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FI1GURE 3. Effect of Medicare Part D on Prescription-Drug Coverage
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Notes. This figure plots prescription-drug insurance coverage before and after the introduction of Medicare Part D.
The solid line reports the observed share of respondents with prescription-drug coverage, D;:, in each Health and
Retirement Study wave. A respondent is classified as covered if they report that prescription drugs are covered by
any health-insurance plan. Specifically, D;; measures any prescription-drug insurance rather than Medicare Part D
enrollment. The dashed line reports predicted coverage in the absence of Medicare Part D, D;;(0), obtained by fitting
a linear trend to coverage in the 2002 and 2004 pre-policy waves and extrapolating it through the post-policy period.
The shaded area between observed and predicted coverage represents the estimated first stage effect of Medicare Part
D on prescription-drug insurance coverage, following the result in Proposition 2. The sample consists of respondents
who were at least 65 years old in 2002.

Having established that Part D increased prescription-drug coverage, I next examine the
effects of that coverage on outcomes. For each post-policy wave t, I estimate 7; by comparing
changes since 2004 between initially uninsured respondents who obtained coverage in wave

t and those who remained uninsured in wave t:
7o = E|Yis = Yiano | Discanot, Dig = 1] = E|Yiy = Yizoon | Discaoot; Di = 0],

where s indexes the pre-reform survey waves. Under Assumption PT, together with either

Assumption SEL or Assumption HET, 7, identifies the period-t effect of coverage among

25

respondents induced to obtain it by Part D, \;.*” I first assess the plausibility of parallel

trends. Figure 4 presents event-study estimates for cost-related prescription-drug outcomes.”

The 2002 estimates are close to zero and statistically insignificant, providing no evidence of

25 Appendix Section N formalizes this result for ¢ > 2006 and formalizes how to test the plausibility of parallel
trends using pre-policy outcomes and subsequent coverage status.
26The 2002 placebo estimates compare pre-policy outcome changes between respondents who subsequently
obtained coverage in 2006 and those who remained uninsured.
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differential pre-policy trends between the two groups. The post-policy estimates are negative
for both outcomes. By 2008, prescription-drug coverage reduced the probability of avoiding
medication because of its cost by approximately 5 percentage points and the probability of

incurring any out-of-pocket prescription cost by approximately 7 percentage points.

FIGURE 4. Effects of Prescription-Drug Insurance on Medication Access and

Cost
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Notes. This figure reports wave-specific estimates of the effect of prescription-drug insurance coverage on cost-related
outcomes. The sample is restricted to respondents who were at least 65 years old in 2002 and reported no prescription-
drug coverage in either 2002 or 2004. The 2004 coefficient is normalized to zero. The 2002 coefficient compares the
change in the outcome from 2002 to 2004 across respondents who subsequently obtained coverage in 2006 and those
who remained uninsured. Each post-policy coefficient corresponds to 7, defined in Section 6.2. Panel (a) uses an
indicator equal to one if the respondent reports not taking prescribed medication because of its cost. Panel (b) uses
an indicator equal to one if the respondent reports positive monthly out-of-pocket spending on prescription drugs.
Estimates are reported in percentage points. Vertical bars show 95 percent confidence intervals constructed using
standard errors clustered at the respondent level.

For 7; to point-identify the period-t LATE, I additionally require that either Assumption
SEL or Assumption HET holds. Assumption SEL(c) requires respondents covered before
the reform to have remained covered in its absence. This restriction implies Pr(D; 2904 = 0 |
D; 5002 = 1) = 0. In the data, however, 9.0% of respondents covered in 2002 lacked coverage
in 2004, providing evidence against Assumption SEL. Point identification can instead be
obtained by imposing Assumption HET, which requires treatment effects to be equal across
post-policy compliers and always-takers, regardless of their baseline coverage status. Table
I reports the average of 7; across the post-policy waves. Under Assumption HET, each
reported coefficient identifies the effect of prescription-drug coverage across post-policy waves
among respondents induced to obtain coverage by Part D. Coverage reduced the probability
of not taking prescribed medication because of its cost by 3.1 percentage points and the
probability of any out-of-pocket prescription spending by 7.8 percentage points,declines of
26% and 10% relative to their 2004 means. Coverage also reduced the probability of working
by 2.9 percentage points, or 15% relative to its 2004 mean. Together, under Assumption
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HET, these estimates suggest that prescription-drug coverage induced by Part D improved

access to medication, provided meaningful financial protection, and eased retirement lock.

TABLE I. Effects of Prescription-Drug Insurance on Outcomes

(1) (2) (3) (4)

Avoided Any OOP  Self-Reported Working
Medication Due Prescription Excellent Part-Time or
to Cost Cost Health Full-Time
Prescription-Drug Coverage -0.031 -0.078 0.022 -0.029
(0.019) (0.022) (0.021) (0.017)
Outcome Mean 0.121 0.793 0.112 0.193
Observations 1,217 1,216 1,216 1,218

Notes: This table reports estimates of the effect of prescription-drug insurance coverage on the indicated outcomes
following the introduction of Medicare Part D. The analysis uses the 2002, 2004, 2006, 2008, and 2010 waves of
the Health and Retirement Study. The sample is restricted to respondents who were at least 65 years old in 2002
and reported no prescription-drug coverage in either 2002 or 2004. Each reported coefficient is the average of the
wave-specific estimands 7¢, defined in Section 6.2, across the 2006, 2008, and 2010 post-policy survey waves. Avoided
Medication Due to Cost, reported in Column 1, is an indicator equal to one if the respondent reports not taking
prescribed medication because of its cost. Any OOP Prescription Cost, reported in Column 2, is an indicator
equal to one if the respondent reports positive monthly out-of-pocket spending on prescription drugs. Self-Reported
Ezxcellent Health, reported in Column 3, is an indicator equal to one if the respondent rates their health as excellent.
Working Part-Time or Full-Time, reported in Column 4, is an indicator equal to one if the respondent reports working
either part-time or full-time. Standard errors are clustered at the respondent level. The outcome mean is the 2004
mean of the corresponding outcome among respondents in the analysis sample for whom that outcome is observed.
Observations corresponds to the number of distinct respondents in the sample.

Assumption HET may be implausible if individuals select into coverage partly according
to their expected gains: always-takers may have systematically different prescription-drug
needs than those induced to enroll by Part D. I therefore apply the sensitivity analysis
developed in Section 3.5, replacing exact homogeneity with bounded heterogeneity. The
parameter M4 bounds the difference in average effects between baseline-uninsured always-
takers and baseline-uninsured compliers, while Mo bounds the difference between baseline-
insured and baseline-uninsured compliers. I set Mar = Mgc = M*, thereby allowing both
effect differences to be as large as the same common magnitude M*. Table II reports the
largest M* for which the bounds on the LATE exclude zero. Across outcomes, M* ranges
from 3.2 to 11.2 percentage points. These values are 43-46% larger than the corresponding
point estimates and equal 14-37% of the 2004 outcome means. Thus, the signs of the
estimated LATEs are robust to departures from homogeneity: treatment effects would need

to differ substantially across the relevant latent groups for the bounds to include zero.
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TABLE II. Sensitivity Analysis

n @ 6 (4)

- M*/ Y 2004
7/: Y2004 M* (%)
Avoided Medication Due to Cost —0.031 0.121 0.0448 37.0
Any OOP Prescription Cost —0.078 0.793 0.1118 14.1

Self-Reported Excellent Health 0.022 0.112 0.0320 28.6
Working Part-Time or Full-Time —0.029 0.193 0.0419 21.7

Notes. This table evaluates the sensitivity of the pooled estimates reported in Ta-
ble T to treatment-effect heterogeneity. For each outcome, M™ is the smallest value
M* = Mar = Mc¢ for which the bounds in Proposition 6 include zero. The param-
eter M1 bounds the difference between the average treatment effects for baseline-
untreated always-takers and baseline-untreated compliers, while M¢ bounds the differ-
ence between the average treatment effects for baseline-treated and baseline-untreated
compliers. Because all outcomes are binary, M ™ is measured in percentage points; for
example, M™ = 0.0448 represents a maximum permitted difference of 4.48 percentage
points across the relevant latent groups. Column 4 expresses M™ as a percentage of
the corresponding 2004 outcome mean.

The sensitivity analysis permits departures from homogeneity, but constructing the re-
sulting bounds requires the researcher to specify the maximum permissible degree of hetero-
geneity. To instead discipline treatment-effect heterogeneity using economically motivated
shape restrictions, I implement the MTE approach developed in Section 4 and impose two
restrictions directly on the treatment-effect surface. First, coverage weakly reduces both cost-
related outcomes and the probability of working, while weakly increasing excellent health.
Second, selection on gains requires individuals more likely to obtain coverage to experience

weakly larger gains from it.%”

Figure 5 reports the resulting bounds. Under these restrictions,
coverage reduced the probability of any out-of-pocket prescription spending by between 4.8
and 14.4 percentage points, increased the probability of reporting excellent health by be-
tween 0.5 and 3.1 percentage points, and reduced the probability of working by between 0.3
and 7.7 percentage points. Thus, even after allowing treatment effects to vary systemati-
cally with the demand for insurance, the results indicate that coverage induced by Part D

provided meaningful financial protection and eased retirement lock.

2TFor each outcome, I use respondents observed in both 2004 and 2006 and parameterize the four period-
treatment MTR surfaces using fourth-degree tensor-product Bernstein polynomials in the latent resistance
variables (U;p,U;1). I model the dependence between the two latent resistance variables using a Gaussian
copula. I constrain the MTR surfaces to respect binary outcome support, match the observed outcome
moments, and satisfy parallel trends and the stated shape restrictions. I then use linear programming to
minimize and maximize the 2006 LATE over all admissible MTR surfaces. The selection parameters are
estimated from the 2002 and 2004 waves, following the approach described in Appendix Section I.
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FIGURE 5. Identified Set for the Effects of Prescription-Drug Insurance
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Notes. This figure reports identified sets for the effect of prescription-drug insurance among respondents induced
to obtain coverage by the introduction of Medicare Part D. Each horizontal segment reports the identified set from
the MTE analysis. These specifications impose parallel trends, binary-outcome support, the monotone treatment
response, and selection on gains. The analysis uses a balanced panel from the 2004 and 2006 Health and Retirement
Study waves. The selection parameters A7 and A°"*™ are estimated using the 2002 and 2004 waves.

Finally, I implement an exposure design (discussed in Section 5) that compares respon-
dents uninsured in both 2002 and 2004 to those insured in both years, scaling this contrast
by their differential change in coverage. This comparison requires the average effect of
prescription-drug coverage among the baseline-insured to remain constant over time. This
restriction may be implausible in an aging population: changing medication needs can alter
how much coverage improves medication access and health, even among respondents who
remain continuously insured. The exposure design subtracts these changing gains along with
the common untreated trend, potentially biasing the resulting estimate. The exposure de-
sign estimates effects of —4.1 percentage points on avoiding medication because of cost (95%
CI: [—6.4, —1.8]), —1.4 percentage points on excellent health (95% CI: [—3.5,0.7]), and —0.2
percentage points on working (95% CI: [—2.3,2.0]). To assess their plausibility, I benchmark
these estimates against the MTE bounds estimated in Figure 5; these bounds contain the
values of the LATE consistent with the observed moments and maintained shape restrictions.
Each point estimate lies outside the corresponding MTE bounds, suggesting that exposure

designs may yield biased estimates of the LATE in empirical settings of interest.
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7 CONCLUSION

This paper develops a unified econometric framework for identifying causal effects under
universal policy implementation. Its central contribution is to establish that universal expo-
sure to a policy change need not preclude identification and to characterize the additional
assumptions required to identify causal effects of interest. In particular, I characterize when
unit-level variation in treatment take-up can identify causal effects even though policy ex-
posure provides no cross-sectional identifying variation. The results also provide practical
guidance for applied researchers. Researchers can identify the LATE by restricting how
selection behavior evolves over time or, alternatively, by restricting treatment-effect hetero-
geneity across latent groups. When neither approach is defensible, the marginal treatment
effects framework provides a disciplined partial-identification alternative. Researchers us-
ing exposure designs must justify time-invariant treatment effects; without this restriction,
the resulting estimand need not identify a valid causal effect. A LATE interpretation fur-
ther requires restrictions such as homogeneous average treatment effects across the relevant
subgroups.

A limitation of the point-identification results is their reliance on parallel trends. Under
the considered selection restrictions, observed treatment paths identify compliers, but recov-
ering their mean untreated post-policy outcome requires additional assumptions. Parallel
trends provides one route to recovering this counterfactual; exploring alternative restrictions
on untreated outcomes is a direction for future research. Because the framework relies on
observing unit-level treatment sequences, another direction for future research is to charac-
terize what can be identified by combining treatment histories observed for a subsample of

units with pooled panel data covering a broader population.
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A PROOF OF PROPOSITION 1

Fix an observed-data distribution compatible with Assumption PT and the maintained
regularity conditions. To establish that A* = R, I construct, for each ¢ € R, a specifica-
tion of potential outcomes and treatment statuses that generates this same observed-data
distribution, satisfies the maintained assumptions, and yields A = /.

Let S; = 1{D;0 = 1,D;; = 1} indicate continuously treated units. By the maintained
regularity conditions, P[S; = 1] > 0. Starting from any compatible specification, redefine

the unobserved potential treatment status under no policy at endline as
D;i1(0) = (1 — Dy) Dy,

leaving all other potential treatment statuses and potential outcomes unchanged. This re-
definition preserves the observed data and Assumption PT. Because D;;(1) = Dy, period-1

compliers are now exactly the continuously treated units:

Let
b=E[Yi(1) - Ya(0) [ S =1],
which is finite under the maintained moment conditions.

For any ¢ € R, define a new specification of potential outcomes by
Yi(0) =Yi(0) + (b= 0)S;, Y1) =Yu(1), te{01}

This transformation changes only the untreated potential outcomes of continuously treated
units, which are unobserved in both periods. It therefore preserves the joint distribution of
observed outcomes and treatment statuses.

Moreover, the transformation leaves each unit’s untreated outcome change unchanged:
Y;1(0) = Y;5(0) = Yii (0) — Yio(0).

Consequently, Assumption PT continues to hold. The transformed potential outcomes also
have finite first moments because the adjustment is a finite constant multiplied by an indi-
cator.
Finally, since the period-1 complier subgroup remains {S; = 1}, the LATE under this
specification is
N =EYi(1) = Y3(0) [ Si=1]=b—(b—0) =
Thus, every ¢ € R is attainable while preserving the observed-data distribution and all

maintained assumptions. Since these assumptions also ensure that A is finite, A* =R. [



B PRrROOF TO LEMMA 1
The joint distribution of {D;y(0), Dio(1), Di1(0), D;1 (1)} may be defined as
Tdoodo1diodin = ]P)[DZO(O) = dOO; DiO(l) = d017 Dzl(o) = dlo, Dﬂ(l) = dll]

for (doo, do1, d1o, dr1) € {0,1}. Absent additional assumptions, the only restrictions on the

data-generating process are:

4 E
Tdoodo1diod11 Z 0 for a‘ll(d007 dOla d107 dll) € {07 1} 3 and Tdoodo1diodir — 1.
doo,do1,d10,d11€{0,1}

Assumption SEL(a) states the only admissible compliance types are never-takers (D;(0) =
0, Di+(1) = 0), compliers (D;+(0) = 0, D;z(1) = 1), and always-takers (D(0) = 1, Dy (1) = 1).
Equivalently, the following probabilities must be zero:

1000, 10015 710105 771011, 00105 T0110, T1110 = 0

Note, however, that Assumption SEL(a) does not constrain intertemporal choice behavior,
only requiring within-period monotonicity. Assumption SEL(c), on the other hand, imposes

restrictions on intertemporal choice behavior requiring that
< T1100; T1101 = 0
Finally, Assumption SEL(b) requires that
<= T1100 + T1101 + T1111 = Too11 + To111 + 71111

< T1100 + T1101 = Too11 + o111
Assumption SEL(b) and SEL(c) jointly imply that
Too11, To111 = 0

Therefore, under the only admissible types of units under Assumption SEL are:

Type (Dio(()), Dio(1), D;1(0), Dy (1)> Interpretation

moooo | (0,0,0,0) never-taker

mooo1 | (0,0,0,1) period-1 complier

mo100 | (0,1,0,0) period-0 complier

mo101 | (0,1,0,1) period-0 and period-1 complier
T | (1,1,1,1) always-taker
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C PROOF TO PROPOSITION 2

Our identification target is the effect of the policy Z; on treatment take-up in the post-
period Dj;:

E [Dﬁ(1) _ Dil(O)]

In order to identify the effect of the policy on treatment take-up, we make two assumptions.
First, we assume that, within each time-period, units are weakly more likely to select into
treatment with the policy switched on.

At ¢t = 0, the policy is switched off, so the observed treatment status satisfies D;p = D;o(0).
Assumption SEL(a) implies D;o(1) > D;o(0). Hence, for units with D;y = 1, we necessarily
have

(Du(0). (1) = (1,1),

so the individual is an always-taker at t = 0. Therefore
P[D;o(0) = 1, Dy(1) = 1] = P[Dyy = 1].

Under Assumption SEL(b), which states that the share of always-takers is stable over time,

we can also identify the share of always-takers at ¢t = 1,
P[D;;1(0) =1, Di(1) = 1] = P[Dyp(0) = 1, Diyp(1) = 1] = P[D;o = 1].

At ¢t = 1, the policy is on, so the observed treatment status satisfies D;; = D;1(1). Any unit

with D;;(1) = 1 must either be a complier or an always-taker:

(Dﬂ(O),Dﬂu)) —(0,1) or (D,-l(O),Dﬂ(l)> —(1,1).

Therefore,

]
ke
I
=
I
&=

[Di1(0) =1, Disy(1) = 1] + P[D;1(0) =0, Dy (1) = 1]

Under Assumption SEL(a),
E[Dﬂ(l) _ Dﬂ(c))] — P[Di1(0) = 0, Dyy(1) = 1] = P[Dy = 1] — P[Dyy = 1].

Finally, we show how Assumption SEL(a)-(c) identifies the latent compliance type of all units.
Lemma 1 shows that this assumption requires that D;;(0) = D;o(0). D;o(0) is observed as
D;p. Similarly, D;;(1) is observed as D;;. Therefore, D;;(0) and D;;(1) are identified for all

units, such that:
{Di1(1), Di1(0)} = {Di1, Dio}
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D PROOF TO PROPOSITION 3

In Lemma 1, we show that {D;y = 0,D;; = 1} = {D;1(1) > D;1(0)}. Therefore, we have
that:

A =E|[Ya(1) = Ya(0) | Dig = 0, Diy = 1]
Under Assumption PT, we can show that:
E[Yﬂu) —Y;1(0) | Djo = 0, Dyy = 1} = E[Yi (1) — Yio(0) | Djo = 0, Dy = 1} —]E[Yi (0) — Yio(0) | Do = 0, Dyy = 1}
- JE{Yil(l) ~Yio(0) | Dyo = 0, Dyy = 1} - ]E{Yi (0) — Yio(0) | Do = 0, Dyy = 0}
:E[Yﬂ — Yo | Dio = 0,D;y = 1} —E{Yﬂ —Yio | Dip = 0,Dyy :0} =7

where the second equality follows from Assumption PT. Therefore, 7 identifies A under
Assumptions PT and SEL:

A:E[Kl—KO‘DiOZO,Dﬂ:l] —E[Yh—no‘Dio:O,Dﬂ:O] =T
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E SHARPNESS OF ASSUMPTION SEL

In this Section, I establish that the restrictions imposed by Assumption SEL are sharp.
That is, it is not possible to further relax these selection conditions and retain the identifi-
cation results in Section 3.2 without imposing restrictions on treatment effect heterogeneity.
Specifically, I demonstrate that the set of admissible latent compliance types derived in
Lemma 1 cannot be expanded to include any of the remaining four compliance types that
are otherwise possible under within-period monotonicity. I proceed by systematically ruling
out the inclusion of each of these four compliance trajectories.

Period-0 Compliers or Never-Takers to Period-1 Always-Takers: Consider the
latent compliance types corresponding to units that are never-takers or compliers at baseline
(t = 0), but transition to always-takers at endline (¢t = 1). These correspond to the latent
paths (D;0(0) =0, D;jo(1) =0, D;1(0) =1, D;1(1) = 1) and (D;o(0) = 0, Djp(1) = 1, D;1(0) =
1,D;1(1) = 1). Because the policy is switched off at baseline (Z; = 0) and switched on at
endline (Z; = 1), both of these latent types generate the exact same observable treatment
sequence: Do =0 and D;; = 1.

Under Assumption SEL, the observed subgroup (D;y = 0, D;; = 1) consists exclusively of
period-1 compliers. However, if either of these two alternative transition types is admissible,
this observed subgroup becomes a mixture of period-1 compliers and period-1 always-takers.
Applying Assumption PT, the estimand 7 subsequently identifies a weighted average of the

complier effect, A, and the treatment effect for these transitioning always-takers:
7 =E|Ya ~ Yo | Dip =0, Dy = 1| ~E[Ya = Yio | Dip = 0, Diy = 0|
= E[Ya(1) = Yo(0) | Dio = 0, Dia = 1| = E Y21 (0) = Yio(0) | Do = 0, Dy = 0]

= E|Ya(1) = Yio(0) | Dio = 0, Diy = 1] = E|Yar(0) = Yio(0) | Dio = 0, Dy = 1]

- E _Y;l(l) - Y;l(O) | DiO - 0, Dil - 1_
+E|Yii(1) = Yi(0) | Dip = 0, D1 (1) = D1 (0) = 1} -P[D;1(1) = Dj(0) =1 | Dyjg =0, Dy = 1]

Absent additional assumptions restricting the treatment effect heterogeneity between the
period-1 compliers (A) and always-takers (E[Y;1(1) — Yi1(0) | Dio = 0, D;1(1) = D (0) = 1)),
the parameter of interest A\ cannot be point-identified from the observable estimand 7.

Period-0 Always-Takers to Period-1 Compliers: Consider the latent compliance
type corresponding to units that are always-takers at baseline (¢ = 0) but transition to
compliers at endline (f = 1). This corresponds to the latent path (D;o(0) = 1, Dj(1) =
1,D;1(0) = 0,D;1(1) = 1). Because the policy is off at baseline (Zy = 0) and on at endline
(Z1 = 1), the observed treatment sequence for these units is Dy = 1 and D;; = 1.
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Because these units are period-1 compliers (D;;(1) > D;1(0)), they contribute to the target
LATE parameter, A\. Under Assumption PT, point-identifying this effect requires recovering
their average untreated potential outcome at baseline: E[Y;o(0) | Dy = 1, D;; = 1]. However,
because these units always select into treatment at baseline regardless of the policy, their
realized baseline outcome is treated (Yo = Yjo(1)). Consequently, the untreated baseline
moment E[Y;o(0) | D;o = 1, D;; = 1] is unobserved and not identified. Without imposing
restrictions to bound this unobserved counterfactual, the treatment effect for baseline-treated
compliers remains entirely unconstrained, thereby precluding the point identification of .

Period-0 Always-Takers to Period-1 Never-Takers: Consider the latent compliance
type corresponding to units that are always-takers at baseline (¢ = 0) but transition to never-
takers at endline (¢ = 1). This corresponds to the latent path (D;(0), Dio(1), D;1(0), Di1 (1)) =
(1,1,0,0). Under monotonicity, these units are identified by the observable treatment se-
quence (Dyy, D;1) = (1,0). If this is the only admissible additional compliance trajectory
admitted, units that are period-1 compliers and units with treatment path (Dyy, D;1) = (0,1)
are the still the same set. Consequently, A is identified by 7 under the maintained parallel
trends assumption. As noted in Remark 4, the (1,0) subgroup may therefore be excluded
without changing \ or 7, leaving only the five admissible trajectories in Figure 1b. Admitting
units with (D;o, D;1) = (1,0) violates Assumption SEL(b), so the first-stage is identified as:

E[D;1(1) — D;1(0)] = P[Dyo = 0, Djy = 1] = E[D;1] — E[Djo] + P[Di;o = 1, Diy = 0].

AT



F PROOF TO PROPOSITION 4
We define A conditional on baseline treatment status as follows:
)\d =K Y; (1) — Y;l(()) | Dll(l) > Di1(0)7DiO =d

for d € {0,1}.

Assumption HET imposes two distinct forms of treatment effect homogeneity. First, it
states that the treatment effect heterogeneity among compliers is mean-independent of D;,
ie., \g = A;. Second, it states that treatment effect heterogeneity is mean-independent
of the counterfactual treatment decision, D;;(0). This implies that the treatment effect is

homogeneous across always-takers and compliers, such that Ay = E [Yi (1))=Y (0) | Da(1) =

Di(0) =1, Dy = d]-
The treatment effect for units with D,y = 0 and D;; = 1 can be decomposed into the effect

of the policy on baseline-untreated compliers and always-takers:
E|Yii(1) = Ya(0) | Dio =0, Dy = 1]

Under Assumption HET, A\ = E[Y} (1) =Y (0) | Dio =0,D;1(1) = Dy (0) = 1]. Therefore,

E[Yii(1) = Ya(0) | Dip =0, Dy = 1]
==\

where the final equality follows again from Assumption HET.
Under Assumption PT, we can show that:

E[Vi1(1) = Yia(0) | Dio = 0, D = 1] = E[¥ar(1) = Yio(0) | Dio = 0, Dt = 1] ~ E[¥ia (0) ~ Yio(0) | Dig = 0, Dix = 1]
— E|Ya(1) = Yio(0) | Dig = 0, Dt = 1| = E[Yi1 (0) = Yio(0) | Dig = 0, Dy = 0]
= E|Yai ~ Yo | Dio =0, Dy = 1] = E[Yix — Yio | Dig = 0, Dy = 0] = 7

where the second equality follows from Assumption PT. Therefore, 7 identifies A under under
Assumptions PT and HET:

A:E[Yh—no‘Dio:O,Dﬂzl] —E[Y; —Yéo‘Dzo:O,Dﬂ:O] =T.
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G PROOF TO PROPOSITION 5

We define the joint probabilities of period-1 compliance types and baseline treatment

status as follows:

Period-1 Status Djy=0 D,y=1 | Total
Always-Takers (A) T A0 AL TA
Compliers (C) TCo o1 TC
Never-Takers (N) TNO TN TN
Defiers (D) Do TD1 D
Total P[D;y =0] P[Dj; = 1] 1

We define A\ conditional on baseline treatment status as follows:
A = IE[Yi (1) = Y (0) | Dir(1) > Dy (0), Dig = d}
for d € {0,1}.

Under Assumption PT, we can show that:
E[Yi (1) = Y51(0) | Djo =0,D;1 = 1} = E[Y; (1) = Yi0(0) | Djo =0,D;1 = 1} _]E{Yil(o) —Y50(0) | Do =0,D;1 = 1}
= E[Yi(1) = Yio(0) | Dio = 0, Dt = 1] = E[Yia(0) = Yio(0) | Dio = 0, Dix = 0]
—E[Yi ~ Yio | Dig = 0,Dis = 1| = E[Ya1 = Yo | Dio = 0, Dy = 0] = 7
where the second equality follows from Assumption PT.
The units {D;o = 0, D;; = 1} consists of baseline-untreated compliers and always-takers
(m40). Therefore, T recovers the weighted average of treatment effects for these two groups:
Teodo + Taok Y (1) = Yia(0) | Do = 0, Dia(1) = D (0) = 1]
IED[D,LO - O, D’L'l - 1]

T =

Recall that E|Y;; (1) — Y;1(0) | Dig = 0, Dyy(1) = Dy (0) = 1] ~ o = Kur

T A0
P[Dio =0,D; = 1]

_ TooAo + Tao(Ao + Kar)
]P)[DZ() = O, Dil = ]_]

= Ao + Kar

Solving for Aq:

T A0
]P)[Dl() = 0, Dil = 1]
Recall that \; — A\g = k¢. Substituting this into the definition of A:

Ao =T — Kar

)= TooAo + Te1 A

Ure]
Too o1 (A K T
_ Tco 0+ me1( Ao + C)Z)\o+ffcﬂ
Ute; Ute;
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Plugging in A\ from above:

T A0 TC1
A= (7— T
(T HATP[DiQ = O, Dil = 1]) + e VYo

It remains to identify 749, o1, and me. Recall that:

P[D;1(0) = D;y (1) = 1] = P[D;p(0) = Dy (1) = 1] = AT
— 14 — P[Dy = 1] = AT
— 74 = AT L P[Dyy = 1]
= a0+ Ta1 = P[Djp = 1] + AT
where the second line follows from requiring that Dy (1) > D;;(0) almost surely. Next,

P[D;1(0) = 0 | Dip(0) = 1] = Achwm

— ]P)[Dﬂ (O) =0 | DiO = ] = Achurn
Te1 + TNt h
— Achurn

= M1+ TN = AChumP[Dio =1]

Since Dj(1) > Dy(0) almost surely, we can observe my; directly, since at ¢ = 1, never-takers
have D;;(1) = D;; = 0. Therefore, mn1 = P[Dy = 1, D3 = 0]. Solving for mey:

T = AMP[Dyg = 1] = P[Dyg = 1, Diy = 0]

Note that 741 + 7oy + 71 = P[Djp = 1]. Using the fact that moy + 7y = A P[Dyy = 1],

we have:
Ta1 + AMP[Dyy = 1] = P[Dyy = 1]
a1 = (1 — AM™P[D;y = 1]
Recall that w9 + ma1 = P[Dy = 1] + AAT . Substituting 74, back into this expression:
Tao + (1 — AM™™P[D;g = 1] = P[Dyp = 1] + AT
Tao = AT 4 AMMP[Dyy = 1]
Finally,
o =P[D;y =1] —m4y

=P[Dy =1] - <AAT +PDip = 1])
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Substituting 749, 71, and 7o as derived above:

AAT + AchurnP[DiO _ 1] Achurn]P)[DiO — 1] _ ]P[Dio — 17 Dil = 0]
A= |T—kar Ko

Recall that, as discussed in Section 3.2, A = (0 = P[Dy = 1,D; = 0] = 0.
Therefore:
AAT 4 AchurnP[Do = 1]
P[Dyy = 0, Djy = 1]
AP Dyg = 1] — 1{A™ > 0}P[Dyo = 1, Diy = 0]
P[D;; = 1] — (P[Dy = 1] + AAT)
Observe that, if AT = A — (0 X\ = 7. This is the case discussed in Section 3.2.

Similarly, if k¢ = kar = 0, A = 7. This is the case discussed in Section 3.3.

)\:T—KAT

+ ko

O

A1l



H PROOF TO PROPOSITION 6

We define the joint probabilities of period-1 compliance types and baseline treatment

status as follows:

Period-1 Status Djy=0 D,y=1 | Total
Always-Takers (A) T A0 AL TA
Compliers (C) TCo o1 TC
Never-Takers (N) TNO TN TN
Defiers (D) Do TD1 D
Total P[D;y =0] P[Dj; = 1] 1

We define A\ conditional on baseline treatment status as follows:
A = IE[Yi (1) = Y (0) | Dir(1) > Dy (0), Dig = d}

for d € {0,1}.
We begin by identifying the treatment effect for the units {D;y = 0,D;; = 1} under
Assumption PT:

7= E|Yiy — Yio | Dio = 0, Dy = 1| = E[Yiy = Yio | Do = 0, Diy = 0)
= E[Ya(1) = Yo(0) | Dio = 0, Dix = 1| = E[Y2a(0) = Yio(0) | Dio = 0, Dix = 0|

= E|Ya(1) = Yio(0) | Dio = 0, Diy = 1] —E[Ya(0) = Yio(0) | Dio = 0, Diy = 1]

— E|Y;1(1) - Y(0) | Dio = 0, Dy = 1

where the third equality follows from Assumption PT.
The units {D;o = 0, D;; = 1} consists of baseline-untreated compliers and always-takers.

Therefore, 7 recovers the weighted average of treatment effects for these two groups:
moodo + TaolE | Vi (1) — Yii(0) | Dy = 0, Dir(1) = D (0) =1
P[D;jy=0,D;; = 1]
Assumption BH bounds the difference between the always-taker effect and the complier
effect. Specifically, E[Y;;(1) —Y;1(0) | Diz(1) = D;1(0) = 1, Dig = 0] € [Ao — Mar, Ao + Mar].
First, we focus on finding the upper bound for A. In order to do this, we begin by finding

T =

the maximum possible value for \y. We substitute the lower bound for the always-taker

effect into the expression for 7:

moodo + Tao(Ao — Mar) — Ao(meo + Ta0) — TaoMar

= P[Dlo — O, Dil — 1] N ]P)[Dzo - 0, Dil - 1]
Because P[D;y = 0, D;; = 1] = meo + 7o, this simplifies to 7 > \g — Marwar, where we
define war = m. Rearranging yields the upper bound for the baseline-untreated
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complier effect:
Ao =T+ Marwar

The parameter of interest, A, is the weighted average of the treatment for baseline-untreated

compliers (A\g) and baseline-treated compliers (A;):

)= TooAo + Te1 A

TC
Assumption BH also bounds the heterogeneity among compliers across baseline treatment
states, requiring Ay € [A\g — Mg, Ao + M¢|. Substituting the upper bound for A; into the

expression for A yields:

TooAo + To1( Ao + Me)

¥e;

A<

= )\0 + Mcwc

where we define we = 7;—001 Because ) is increasing in Ay, the upper bound for \ is achieved

by evaluating this expression at A\j'**:
AT = X" + Meowe
A" =7+ Marwar + Mcwce
Next, we focus on finding the lower bound for A. In order to do this, we begin by finding

the minimum possible value for ). We substitute the upper bound for the always-taker

effect into the expression for 7:

mooro + Tao(Ao + Mar) — Ao(meo + Tao) + TaoMar

=" PDp=0D1=1 PDy=0Dy=1]
Because P[Dyy = 0,D;1 = 1] = moo + mao, this simplifies to 7 < Ao + Marwar, where
War = m. Rearranging yields the lower bound for the baseline-untreated complier

effect:
min
/\0 =T — MATwAT

The parameter of interest, A, is the weighted average of the treatment for baseline-untreated

compliers (Ag) and baseline-treated compliers (A;):

TooAo + Te1 A

A:
TC

Assumption BH also bounds the heterogeneity among compliers across baseline treatment
states, requiring A\; € [Ag — M¢, Ao + M¢|. Substituting the lower bound for A; into the
expression for \ yields:

oo + mo1 (Ao — Me)

e

A>

= >\0 - Mcwc
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where we = 7;—001 Because A is increasing in \g, the lower bound for A is achieved by

evaluating this expression at AJ"":

/\min — )\gn,m _ MCwC’
)\mm =T — MATwAT - Mcwc
Taken together,

ANE|T = Myp-war — Mc -we , T+ Mar-war + Me - we

|V 1) B— — Tc1
where war = g3, = and we = 72



I IDENTIFYING TRANSITION PROBABILITIES USING ADDITIONAL PRE-PERIOD DATA

In Sections 2-3.4, we required that we observe each unit’s selection decision for ¢ € {0, 1},
with the policy switched off at ¢ = 0 (Z, = 0) and the policy switched on at t =1 (Z; = 1).
The identification results in Sections 3.5-4, however, require us to identify the change in the

share of always-takers from baseline to endline:
AT = P[Dil(o) = Dil(l) = 1] - P[Dio(o) = DiO(l) = 1]7

and the probability that a baseline-treated unit counterfactually selects out of treatment at
endline:
A =P[D;1(0) =0 | Dip(0) = 1].

In this Section, we leverage additional pre-period data to show A4 and A" are iden-
tified under mild stationarity assumptions. We require that we observe each unit’s selection
decision for ¢t € {—1,0, 1}, with the policy switched off at ¢t € {—1,0} (Z_1, Zy = 0) and the
policy switched on at ¢t =1 (Z; = 1). Therefore, for each unit, we observe {D; _1, D; ¢, D; 1}.
We maintain Assumption SEL(a) (within-period monotonicity) for the remainder of this
section: P[D;(1) > D;(0)] = 1.

We begin by identifying A4T. The key assumption here is that the change in share of
always-takers is constant over time: P[D;;(0) = D; (1) = 1] —P[D;;—1(0) = D;;—1(1) = 1] =
P[D;1+1(0) = D;11(1) = 1] = P[D;+(0) = D; (1) = 1] for all ¢.

For t € {—1,0}, the policy is switched off, so the observed treatment status satisfies
D;; = D(0). Assumption SEL(a) implies D;;(1) > D;(0). Hence, for units with D; _; = 1,
we necessarily have

(D10, D s (1)) = (1,1),
so the individual is an always-taker at ¢ = —1. Similarly, for units with D, = 1, we
necessarily have

(Di0(0), Dio(1)) = (1, 1),

so the individual is an always-taker at ¢t = 0. Therefore,
P[Di’_1(0> = ]_, Di,_l(l) = ]_] = ]P)[Di,—l = 1]

Then, AT is identified as:
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where the second equality follows from the assumption that the change in share of always-
takers is constant over time and the third equality follows from within-period monotonicity.*

Achurn

Next, we turn to identifying . The key assumption here is that the rate at which

units select out of treatment absent the policy is constant over time: P[D;:+1(0) = 0 |
D;(0) =1 =P[D;+(0) =0 | D;;—1(0) = 1] for all t. Since Z_; =0 and Z, = 0, we observe
D;_1(0)=D; 1 =0 and D,;,(0) = D;y = 0. Therefore,

Achurn - P[Dl 1(0) - 0 | DL()(O) - 1]

- H‘D[Dz’o(O) - 0 | Di’_l(O) - 1]
== P[Di,O == 0 | Di,—l == ]_]

where the second equality follows from the assumption that the rate at which units select
out of treatment absent the policy is constant over time and the third assumption follows
from the fact that Z_; =0 and Z; = 0.

Next, we show how the weights in Proposition 6, w47 and w¢, can be identified as functions
of A and AAT. We define the joint probabilities of period-1 compliance types and

baseline treatment status as follows:

Period-1 Status Djy=0 Djy=1 | Total

Always-Takers (A) T A0 AL A

Compliers (C) oo To1 To

Never-Takers (N) TNO N .

Defiers (D) Do o1 ™

Total P[D;jy = 0] P[Di = 1] 1
Recall that, war = P[Dwgo% and we = 7;—6;1

We begin by identifying 7o1. Recall that,
A — P[D; 1(0) = 0| Di(0) = 1]
0,D

— Achurﬂ . ]P)[Di,o — 1] — P[Dl,l(o) = 07 Di,[) = 1]

where the third equality follows from the fact that Z; = 0. The subpopulation {D;;(0) =
0,D; o = 1} consists of units who do not take treatment when the policy is active (D;;(1) =

0, period-1 never-takers my1) and units who do take treatment when the policy is active

28Because the share of always-takers at ¢ = 1 must be bounded between 0 and 1, this implicitly requires
that the predicted share is also bounded as follows: 0 < 2P[D, o = 1] — P[D; 1 = 1] < 1. This condition is
verifiable using the available pre-period data.
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(D;1(1) = 1, period-1 compliers m¢y). Thus:
Achurn . ]P)[Di,() — ]_] = TTc1 + TN

Under within-period monotonicity, mp; = 0, the never-taker share is identified as wn; =
P[DZO = 1, Dil = 0] Therefore,

mTc1 = AChumP[Dz‘o =1] = P[Dy =1, D = (]

Next, we turn to identification of m49. By definition, the change in the share of always-

takers across periods is given by:

—— AAT—F]P){DiOIl]:ﬂ'AO—'—TFAl

where the second equality follows from within-period monotonicity. In order to identify ¢,

it remains to identify 74;. Observe that:
TaL + (o1 + 1) = P[Dy = 1]
Substituting 7o + 71 = A P[Dyy = 1] allows us to isolate m;:
Ta1 = P[Djg = 1] — A P[Dyy = 1] = (1 — A™™P[D; = 1]
Substituting 74 and 741 into the decomposition m49 = w4 — 747 yields:
Ta0 = (AT + P[Dyy = 1]) — (1 — A™™P[D;y = 1]
Tao = AAT 1 Ahurnp[ D — 1]

Next, we identify mc. At endline (Z; = 1), units with observed treatment D;; = 1
necessarily have D;;(1) = 1. This group consists entirely of period-1 compliers (m¢) and

period-1 always-takers (m4).
]P)[Dzl = 1] =Tc+ T4

Substituting the identified share m4 = A4" + P[D;y = 1] and rearranging yields the total

share of period-1 compliers:

o = ]P)[Dzl = 1] — (]PJ[DZ(] = ].] + AAT>
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Finally, we substitute m¢c1, ma0, and 7¢ into the expressions for the weights w,r and we:
AAT + AchurnP[Dio — ]
]P)[Dzo = 0, Dil = ].]
AchurnP[DiO - 1] - ]P)[D,LO = 1, Dil - 0]
w =
¢ P[D;; = 1] — (P[Dy = 1] + AAT)

WaT =

J  PROOF TO LEMMA 2

Consider the first term of the estimand § in Equation 5.1:

E[Yi1 — Yio | Dio = 0]

This term is the change in outcomes over time among units who were untreated at baseline.
We examine what this term identifies under Assumption PT. At ¢ = 0, we observe Y;qg =
Y;()(O) At t = 1, we observe Y;;l = Y;l<0> + Dil (Y;l(l) — Y; (O))

E[Yi1 — Yo | Dio = 0] = E[Yia(0) + D (Ya(1) = i (0)) = Yio(0) | Dig = 0|
—E|¥;1(0) = Yio(0) | Dio = 0| +E| Dyt (Y (1) = Yia(0)) | Dio = 0]

Under Assumption PT, the first term evaluates to AP”. The second term may be re-

written as:
E[ Dy (Ya(1) = Yia(0)) | Dip = 0] = E|[¥is(1) = Yia(0) | Do = 0, Dig = 1] - P[Dyy = 1| Dy = 0]
Therefore,
E[Yi1 — Yio | Dig = 0] = A”T +]E[Yﬂ(1) — Y1 (0) | Dio = 0, Din = 1} P[Djy = 1| Dip = 0].
[
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K PROOF TO LEMMA 3
Consider the second term of the estimand 8 in Equation 5.1:
E[Yi1 — Yio | Dio = 1]

This term is the change in the outcomes over time among units who were treated at
baseline. We examine what this term identifies under Assumption PT. At ¢t = 0, we observe
Yio = Yio(1). At t = 1, we observe Y;; = Y;1(0) + Dy - (Y} (1) -Y; (0))

E[Yi1 — Yo | Dio = 1] = E|Yi(0) + Dt (Ya (1) = Yia(0)) = Yio(1) | Do = 1].

Adding and subtracting Y;o(0) inside the expectation:

E[Ya — Yoo | Dio = 1] = E[¥a(0) = Yo(0) + Dia (Ya (1) = Ya(0)) = (Yio(1) = Ya(0)) | Do = 1]
—E[Ya(0) - Yo(0) | Dip = 1]
+ B[ Dy (Y (1) = Ya(0)) | Dig = 1]
~ E[Yio(1) = Y(0) | Do = 1].

Under Assumption PT, the first term evaluates to AF7.

E[Y;1 — Yio | Do = 1] = APT
+ B Dy (Ya(1) = Ya(0)) | Dio = 1]
~ E|Yio(1) = Yio(0) | Dio = 1].

Applying the Law of Total Probability to expand the remaining two terms,

E[ D (Ya(1) = Ya(0)) | Do = 1] = E[Yio(1) = Yao(0) | Do = 1]
- ]E[Yﬂ(l) —Y(0) | Dig = 1, Dy = 1}1@[1)@»1 —1| Dy = 1]

- E[Y,;O(l) — Yi(0) | Dig = 1, Diy = 1}1?[1)1-1 1| Dy =1]

- E[Ymu) — Yi(0) | Dio = 1, Dyt = O}IP’[DH =0 Dy = 1]

Therefore, under Assumption PT,
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E[Y;1 — Yio | Dio = 1]
— APT

+E

(Ya() = ¥a(0)) = (Yio(1) = Yol0)) | Dio =1, Dy = 1] P[Di = 1| Dig = 1]

- ]E[Yio(l) —Y0(0) | Do =1,D; = O}P[Dil =0| Dy =1]
If we additionally assume that P[D;; = 0| D;p = 1] = 0, we obtain:
E[Y:1 — Yio | Dio = 1]
— APT

+E

(Yh(l) - Y;1(0)> - (Yio(l) - Y;O(O)> | Dip =1,Dy = 1]
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L PROOF TO PROPOSITION 7
Recall that,
B=E[Ya~Yio| Dio=0] ~E|Vii = Yig | Dio=1]
In Appendix Section J, we showed that:
E[Yii — Yio | Dip = 0] = A" + E|Yii(1) = Y1 (0) | Dip = 0, Dig = 1] - P[Diy = 1| Dip = 0],
In Appendix Section K, we showed that:
E[Y;1 — Yio | Do = 1] = APT

+ E|Da (Ya(1) = Ya(0)) | Do = 1]

~ E|Yio(1) = Yio(0) | Dio = 1].
Under the time-invariance of treatment effects, the third term is equal to E [Yig(l) —Y;0(0) |
Djy = 1} =E [Y; (1) = Y;1(0) | Dy = 1]. Substituting this into the expression above yields:

E[Yiy — Yio | Dy = 1] = A”T
—E[(1 = D) (Ya(1) = Ya(0)) | Do = 1]

Taken together:

5= (APT +E| Dy (Yar(1) = Y (0)) | Dio = OD

_ (APT - E[(l - Dﬂ)<Yi (1) — 1@-1(0)) | Dip = 1})

- ]E[Dﬂ (K- (1) — Yi1(0)> | Dip = 0} +E[(1 . Dﬁ)(Yi (1) — Y;l(o)> | Dy = 1].
Applying the Law of Total Probability, we obtain:
B=E|Ya(1) = Ya(0) | Dio =0, D5 = 1|P[Ds = 1| Dyo = 0]

+E[Yﬂ(1) —Y;1(0) | Dip = 1, Dy = O}IP’[D“ =0 Dy = 1].
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M ADDITIONAL RESULTS ON EXPOSURE DESIGNS

M.1 Characterizing the Bias in Exposure Designs Recall that the exposure-design
estimand is
B =E[Yy — Yo | Dio = 0] = E[Yi1 — Yio | Dy = 1].
We characterize each term under Assumption PT without imposing restrictions on treatment
transitions or treatment-effect heterogeneity. First, consider units who were untreated at
baseline. Because D;y = 0,
Yio = Yio(0),
whereas
Yii = Y;1(0) + Dyt (Y (1) — Yir (0)).

Therefore,
E[Y;1 — Yo | Dio = 0] = E[Y;1(0) — Yio(0) | Djp = 0]

+E[Dir (Y (1) = Yir(0)) | Dio = 0] .
Assumption PT and the law of iterated expectations imply
E[Y;1(0) — Yio(0) | Djo = 0] = A"
Applying the law of total probability to the remaining term gives
E[Yiy — Yo | Dip = 0] = A" + E[Yi1(1) — Y;1(0) | Dio = 0, Dy = 1]
X P[Dj; =11 Dy =0].
Next, consider units who were treated at baseline. Because D;y = 1,
Yio = Yio(1),
and hence
Yii — Yio = Y1 (0) — Yi(0) + Dy (3/;1(1) -Y; (0)) - (Y; (1) — Y;O(O))-
Taking expectations conditional on D;y = 1 and applying Assumption PT yields
E[Y; — Yio | Dio = 1] = A" + E[Dy1 (Yir (1) — Y;1(0)) | Dy = 1]
— E[Yio(1) — Yio(0) | Do = 1].
Expanding the remaining terms by endline treatment status gives
E[Yi — Yio | Dio = 1] = A™ + E[(Ya (1) — Ya(0)) — (Yao(1) = Yio(0)) | Dio = 1, Dy = 1]
X P[Dj; =1 Dy =1]
—E[Yio(1) — Yio(0) [ Dig = 1, Dy = (]
X P[D;; =0 Dyp =1].
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Combining the two expressions, the common counterfactual trend cancels, yielding
B =E[Yi(1) = Yu(0) | Dio =0,Dn = 1]P[Ds; = 1| Dy = 0]
—E[(Ya(1) = Y1 (0)) = (Yio(1) = Yio(0)) | Dio =1,Dsy = 1] P[Djy = 1| Djp = 1]
+ E[Y;o(1) = Y;0(0) | Dip =1,D;1 = 0|P[Dyy =0 | Dy = 1].
An equivalent representation is obtained by adding and subtracting
E[Yi1(1) = Y (0) | Dio = 1].
This gives
B = E[Ya(1) = Yu(0) | Dig = 0, Dy = 1] P[Dyy = 1| Dy = 0]
+ E[Y;1(1) = Y1 (0) | Dio =1,D;1 = 0] P[D;j; =0 | Dyjp = 1]
—E[(Ya(1) = Ya(0)) — (Yio(1) = Yio(0)) | Dio = 1] .
Thus, under Assumption PT alone, § equals the weighted sum of period-1 treatment
effects among units who switch treatment status, minus the average intertemporal change in

treatment effects among baseline-treated units.

We now impose homogeneity of treatment effects across all units in the post-period:
Vi (1) = Y (0) = A

almost surely. Because the post-period treatment effect is common across units, it is equal to
the period-1 LATE. This restriction eliminates cross-sectional heterogeneity in post-period
treatment effects while allowing treatment effects to vary over time. Under this restriction,
the exposure-design estimand has the opposite sign from the LATE when the average change
in treatment effects among baseline-treated units is sufficiently large to dominate the contri-
bution of the LATE generated by the differential change in treatment take-up. Equivalently,
after scaling by the LATE, the bias from time-varying treatment effects must exceed the
differential change in take-up between the two baseline groups.

Substituting the homogeneity restriction into the preceding decomposition gives
B=AP[D;y =1]| Djp=0]+AP[D;; = 0| Dyy = 1]
—E[(Ya(1) = Yi1(0)) — (Yio(1) = Yio(0)) | Dig = 1] .

Therefore,
f=APD;; =1]|Djp=0]+P[Dy =0| Dy =1])

—E[(Ya(1) = Ya(0)) — (Yio(1) — Yio(0)) | Dio =1] .
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The sum of the two conditional transition probabilities is equal to the differential change in

treatment take-up between the baseline groups:
= E[Di — Dy | Dio = 0] = E[Dyg — Dy | Do = 1].

Suppose that A # 0. The exposure-design estimand and the LATE have opposite signs if

and only if
BA < 0.
Because A # 0,
A< <= N < 0.
Substituting the preceding decomposition yields
§:]P’[Di1 =1|Dj=0]+P[D;; =0| Dy =1]

E[(Ya() = Ya(0) — (Y1) = Yao(0)) | Do = 1]
: |

It follows that S\ < 0 if and only if

E[(Yi(1) = Y (0)) = (Yio(1) = Yio(0)) | Dio = 1]
A
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M.2 Leveraging Baseline Treatment Status as an Instrument This section relates
identification under a universal policy change to the exposure interpretation of Bartik in-
struments in Goldsmith-Pinkham, Sorkin and Swift (2020), hereafter GPSS. I first describe
their construction and then show how its counterpart in this setting is equivalent to using
baseline treatment status as an instrument for the change in treatment.

Consider two periods, t € {0,1}, and two industries, £ € {1,2}. Write the outcome
equation in levels as

Yoo = oy + By + g + g,

where ¢ indexes locations, g is log wages, and x4 is log employment. First differencing
yields
Ay = (81 — po) + Az, + Aey.

This gives a log-growth version of GPSS’s two-industry, one-period equation. Let s, be
location ¢’s initial employment share in industry k, with sp0 + spg = 1. Let gi be the
common employment-growth component for industry k between the two dates, typically
measured using national industry growth. The Bartik instrument is

By = 501091 + Se2092 = 92 + (91 — g2)Se10-

When g; # ¢o, cross-sectional variation in the instrument comes from differences in initial
industry shares. GPSS’s exogenous-shares interpretation requires these shares to be uncor-
related with Aey, the structural error in the differenced equation.

In this paper’s setting, the policy switches on simultaneously for all units, from Z; = 0 to
Z1 = 1, so observed treatment is D;y = D;o(0) and D;; = D;1(1). To clarify the identification

problem, write potential outcomes as
Yit(d) = ai + B + Aind + €3,
where d € {0,1} denotes treatment status and A\; = Yi;(1) — Y;;(0) may vary across units
and over time. Observed outcomes satisfy
Yio = i + Bo + XioDio(0) + €io,
Yio = a; + 1+ XD (1) + ea.
Define AY; =Y;; — Yy, AD; = D;; — D;o, and AB = [y — [y. First differencing and adding
and subtracting \;; D;o gives
AY; = AB+ X Din — XigDio + i1 — €io
= AB+ A AD; + (Nir — Aio) Dio + €1 — €io
= AB+ AaAD; +

where U; = ()\11 — )\'L’O)DiO + &1 — €io-
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First differencing removes the unit fixed effect but does not imply Cov(AD;, u;) = 0.
Treatment changes may be correlated with changes in untreated outcomes or with changes
in treatment effects among baseline-treated units, both of which enter u;. This motivates
seeking an instrument that predicts AD; and is uncorrelated with wu;.

The universal policy change itself supplies no cross-sectional variation. An exposure de-
sign instead uses differences in treatment changes associated with baseline treatment status.

Define the following Bartik-like instrument:
B; := (1 — Dy)E[AD; | Djg = 0] + DyE[AD; | Dy = 1]
= (1= D) Pr(D;y =1| Dip=0) — DigPr(D;; =0 | Do = 1)
= Pr(Dyy = 1| Dip = 0) — [Pr(Dil — 1| Dy = 0) + Pr(Dyy = 0| Dy = 1)| Dy,

Each groups’ average treatment changes play the role of industry growth components in
GPSS. The motivation is that a universal policy may induce differential entry among ini-
tially untreated and initially treated units. Whereas GPSS compare locations with different
initial industry compositions, this exposure design compares units with different baseline
treatment statuses. The observed transition rates also include changes that would have
occurred without the policy, so they need not measure its causal effect on treatment.

By construction, B; can be simplified so that B; = E[AD; | D;] is the treatment change
predicted by baseline status. Instrumenting AD; with B; therefore uses differences in average
treatment changes between the baseline groups as its identifying variation. In a regression
with an intercept, instrumenting AD; with B; consequently gives the same IV coefficient as
instrumenting it with D;y. Specifically:

Cov(B;, AY;)  Cov(Dy, AY;)
Cov(B;,AD;)  Cov(Djo, AD;)’

I next examine the assumptions under which this coefficient identifies a causal parameter of

interest.
Using the equivalent instrument 1— D;q, the reduced-form coefficient is the exposure-design

estimand [ defined in Section 5:
p= E[AY; ‘ Dy = 0] - E[AY; | Dy = 1]-

This is a difference-in-differences estimand that compares the change in mean outcomes
among baseline-untreated units with the change among baseline-treated units. The corre-

sponding first-stage coefficient is
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Dividing the reduced form by the first stage gives

_ B
This is the Wald-DiD estimand studied by De Chaisemartin and d’Haultfoeuille (2018):
the DiD in outcomes divided by the DiD in treatment.

Next, I examine what causal estimand is identified under Assumption PT. The mean

change in untreated potential outcomes is then the same across the two baseline treatment
groups and cancels from the reduced form. Expanding observed outcomes in terms of po-

tential outcomes gives
f=Pr(Dy=1]|Dyp=0)E[Y;;(1) —Y;1(0) | Dip =0,D; = 1]
+Pr(Dy =0| Dy =1E[Yi1(1) = Yi1(0) | Do =1, Dy = 0]
—E[(Ya(1) = Y1 (0)) — (Yio(1) — Yio(0)) | Do = 1]
The first two terms contain the endline treatment effects of observed entrants and exits,

respectively. The final term is the change in the average treatment effect among all baseline-
treated units. To obtain the Wald-DID estimand, divide this expression by

The first two terms then form a convex average of endline treatment effects, with weights
equal to the two transition probabilities divided by their sum. The final term, divided by the
same denominator, is the discrepancy from that average. Consequently, under Assumption
PT and a nonzero first stage, the Wald-DID estimand equals this particular convex weighted

average if and only if
E[Yia (1) = Y (0) [ Dy = 1] = E[Yio(1) = Yio(0) | Dio = 1].

This is time invariance of the average treatment effect among baseline-treated units. This
restriction supplies a weak causal interpretation: the Wald-DID coefficient averages endline
treatment effects with nonnegative weights summing to one. Under Assumption PT alone,
changes in treatment effects can instead cause the coefficient to be negative even when every
treatment effect is positive. For example, let untreated potential outcomes be constant, let
half of the baseline-untreated units enter treatment, and let no baseline-treated units exit.
Suppose treatment effects equal one for baseline-untreated units at both dates, while effects
among baseline-treated units rise from one to two. Then f =1/2 —1 = —1/2 and the first
stage is 1/2, so the Wald-DID coefficient is —1, although all treatment effects are positive.

Time invariance can fail even when economic conditions can alter the return to treatment.
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For example, higher output prices increase the monetary gain from a fixed productivity
improvement; a protective treatment prevents greater expected losses when the underlying
risk increases; and access to subsidized credit becomes less beneficial when market borrowing

costs fall.
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N IDENTIFICATION WITH MULTIPLE PRE- AND PosT-PoLicY PERIODS

This section extends the identification results in the paper to a setting with multiple pre-
and post-policy periods. I begin by identifying the period-specific LATE under restrictions
on selection and treatment-effect heterogeneity respectively. I then explain how pre-policy
outcomes can be leveraged to provide evidence in support of the plausibility of the parallel-
trends assumption used for identification.

Suppose panel data are available for units ¢ and periods t € {—T,...,0,...,T}. The
policy is inactive for ¢ < 0 and active for t > 1: Z; = 0 before and at baseline, and Z;, = 1
afterward. Period 0 is used as the reference period. Let Dy (z) € {0,1} denote the potential
treatment decision under policy state z, and let Y;;(d) denote the potential outcome under

treatment status d. Observed variables satisty
Dy = Du(Zy), Yie = Yiu(Di).
For each post-policy period ¢t € {1,...,T}, the target is
A = E[Yi(1) = Y (0) | Dir(1) > Di(0)]. (N.1)

This is the effect of treatment among units induced into treatment by the policy in period ¢.
The compliant subpopulation may change across periods, so changes in \; need not describe
changes in treatment effects for a fixed population. I adapt Assumption PT to a setting with

multiple post-policy periods as follows:

Assumption PT (Post-Policy Parallel Trends). For every ¢t € {1,...,T},
E [Yi:(0) = Yio(0) | Dio = 0, Diy = 1] = E [Y4(0) — Yi(0) | Dio = 0, D;y = 0] .
Define the estimand:
7 =E[Yy — Y| Do =0,D; = 1] — E[Y; — Y | Diop = 0, Dy = 0]. (N.2)
Under Assumption PT,
7o =E[Yi(1) = Yi(0) [ Dio = 0, Dy = 1]. (N.3)

Next, I describe the additional assumptions under which 7, identifies \;. The selection
approach connects observed treatment paths to latent compliance types. The following

assumption augments Assumption SEL for a setting with multiple post-policy periods.

Assumption SEL (Selection Restrictions). For every ¢t € {1,...,T}:
(a) Monotonicity: P[D;o(1) > D;(0)] = P[Dy(1) > Dyu(0)] =1
(b) Stability in the share of always-takers: P[D;;(0) = Dy (1) = 1] = P[D;o(0) = Djo(1) =
1]
(c) Stability of Choosers: P[D;(0) =0 | Dy(0) =1] =0
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Re-applying the logic of Lemma 1, Assumption SEL implies D;;(0) = D;o(0) almost surely.
Hence,
{Di(1) > Di(0)} = {D;o =0,D;z = 1} almost surely.

Therefore, 7; identifies A\; under Assumptions PT and SEL. For completeness, Assumptions
SEL(a)—(b) also identify the first stage:

E[D;(1) — Dyy(0)] = P[Dy, = 1] — P[Dyo = 1.

Assumption SEL(c) states that a unit who selects into treatment at baseline without the
policy would continue to do so in period ¢ without the policy: P[D;;(0) = 1 | Dy(0) = 1] = 1.
This restricts only baseline-treated units. To see what it implies for baseline-untreated units,

decompose the period-t share of always-takers by baseline status:

where the second line imposes Assumption SEL(c). Assumption SEL(b) equates the left-
hand side with P[D;(0) = 1], so that

P[Di(0) = 1| Dip(0) = 0] =0 (N.4)

whenever P[D;o(0) = 0] > 0. Because Z;, = 0, the conditioning event equals {D;y = 0},
so Equation (N.4) states that units untreated at baseline would remain untreated in period
t absent the policy. Within the selection approach, Equation (N.4) is the restriction that
guarantees any unit with D;p = 0 and D;; = 1 is a period-t complier.

A single untreated baseline observation may provide weak grounds for imposing Equa-
tion (N.4). With access to additional pre-policy periods, one may address this concern by
conditioning on a longer untreated history. For L € {0,..., T}, define

D, = max{DL_L, e ,Di0}7

(2

so that EiL = 0 if and only if unit ¢ is untreated in every period from —L through 0,
and E? = D;9. Because Z;, = 0 for all s < 0, Ef = 0 is equivalent to D;s(0) = 0 for
all s € {—L,...,0}. The following assumption states that units untreated throughout the
pre-policy window would remain untreated had the policy not been switched on:
Assumption SEL-L (Stability of Non-Choosers within the Pre-Policy Window). For every
post-policy period t € {1,...,T}:

P[Dy(0) = 1| D; =0] =0.

At L = 0, Assumption SEL-L coincides with Equation (N.4). For L > 0, it is imposed

on a smaller subpopulation, so that Assumption SEL(c) is no longer required. Assumption
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SEL-L becomes more plausible as L grows. The economic content of this argument is that
demand for treatment has persistent components, so repeated decisions to remain untreated
at prevailing costs is informative about future treatment status at those costs. In the Medi-
care Part D application in Section 6.2, demand for prescription-drug coverage depends on
chronic health conditions, risk preferences, and income. An elderly individual who forgoes
coverage in both 2002 and 2004 may reveal a low valuation of coverage or a persistently high
cost of obtaining it, and is unlikely to obtain coverage in 2006 without a reduction in that

cost. Define the estimand
rip = E |Yu = Yio | D} =0, Dy = 1] = E [Y;t = Yig | D} =0, D;u =0, (N.5)

which replaces the conditioning event {D;o = 0} in Equation (N.2) with {5ZL = 0}, so that
Ti0 = 7. I modify Assumption PT to condition on the pre-policy history:

Assumption PT-L (Post-Policy Parallel Trends within the Pre-Policy Window). For every
post-policy period t € {1,...,T},

E [V;1(0) — Yio(0) | DX =0, Dit:q :E[Y;(O)—Yio(o)\ﬁfzo, Dit:()].

At L = 0, Assumption PT-L coincides with Assumption PT. For L > 0, it is a restriction on
the continuously untreated subpopulation and is neither implied by nor implies Assumption
PT. Adding and subtracting E[Y;;(0) | EiL = 0,D;; = 1] in Equation (N.5) and applying
Assumption PT-L yields

7or =E|Vi(1) = Yi(0) | Dy =0, Dy = 1] . (N.6)

This is the average effect of treatment among continuously untreated units who are treated
in period t. Absent further restrictions, this group is a mixture of period-t compliers and
period-t always-takers, since a continuously untreated unit may have D;;(0) = 1. Assumption
SEL-L rules out the latter possibility. To state the resulting causal parameter, define the
history-restricted LATE

Api=E [Yit(l) ~Y;4(0) | Dis(1) > Dy(0), Dr =

(2

0f, (N.7)

the average effect of treatment among period-t compliers who were untreated throughout
the pre-policy window. Under Assumption SEL-L, D;(0) = 0 almost surely on the event
{Ef = 0}. Because D;; = D;(1) for t > 1, it follows that

{Ef =0, Dy =1} = {EZL =0, Di(1) > D;(0)} almost surely.

Substituting this equality into Equation (N.6) gives 7, = A 1. Therefore, 7 1, identifies \; .
under Assumptions PT-L and SEL-L.
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The parameter ) differs from \; in Equation (N.1) by conditioning on the pre-policy
history. By the law of iterated expectations,

A =M P[D) =0 Dy(1) > D;y(0)]
+E [}Qtu) — Y;(0) | Diy(1) > Dyy(0), DY = 1} P[D; = 1| Du(1) > Dyy(0)].

The two parameters therefore coincide when every period-t complier is continuously un-
treated over the window, so that the second term vanishes, or when the average effect among
compliers does not depend on their pre-policy history. The following assumption delivers
the former by extending Assumption SEL to every adjacent pair of periods in the panel,
including the pre-policy periods.
Assumption SEL-M™ (Selection Restrictions over the Entire Panel).

(a) P[Dys(1) > Dys(0)] = 1 for every s € {-T,..., T}

(b) P[D;s(0) = Dys(1) = 1] = P[D; . 1(0) = D; s 1(1) = 1] for every s € {-T +1,...,T}.

(¢) P[Dis(0) =0| D;s1(0) =1] =0 for every s € {-T +1,...,T}.

Applying the logic of Lemma 1 to each adjacent pair of periods gives D;(0) = D;o(0)
almost surely for every s. A period-t complier has D;(0) = 0 and hence D;s = D;s(0) = 0
for every s <0, so ]P’[D =1|Dy(1) > Dy(0)] =0 and A, = A for every L. By the same
argument, {Di =0} = {Djp = 0} almost surely, so 7, = 7 and Assumption PT-L reduces
to Assumption PT. Assumption SEL-M™ implies Assumptions SEL and SEL-L.

An alternative approach allows unrestricted selection transitions but restricts average
treatment effects across latent groups. The following assumption adapts Assumption HET

to a setting with multiple post-policy periods.

Assumption HET (Treatment Effect Homogeneity). For every t € {1,...,T} and every
do,dy € {0, 1},

E[Yz‘t(l) - Y;t(()) | Dio = dp, Dit(o) = dy, th( ) = 1] =E [Yz‘t(l) - Yit(O) | Dit<]—) = 1] :

Assumption HET states that, among units treated under the policy in period ¢, the average
treatment effect does not vary with baseline treatment status or with the counterfactual
period-t treatment decision. Individual effects may vary within these groups, and average
effects may vary across periods.

Under Assumption PT, Equation (N.3) shows that 7 identifies the average effect among
units with D;p = 0 and D;; = Dyu(1) = 1. Averaging Assumption HET over D;(0) within
this group gives 7 = E[Y;(1) — Y;(0) | Di(1) = 1]. Averaging Assumption HET over D;
among period-t compliers gives \; = E[Y;;(1) — Y;4(0) | Di(1) = 1]. Therefore, 7, = A; under
Assumptions PT and HET.
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Assessing Parallel Trends Using Pre-Policy Outcomes A natural way to assess the
plausibility of Assumption PT is to ask whether baseline-untreated units who were treated at
endline exhibited the same outcome trends before the policy as those who were continuously
untreated.?” A feature of this setting that complicates the exercise is that the absence of the
policy does not imply the absence of treatment: units may be treated in pre-policy periods,
so observed pre-policy outcomes need not be untreated outcomes. For a baseline-untreated
unit and s < 0,
Yie = Yio = (Yis(0) = Yi0(0)) + Dis (Yis(1) — Y3 (0)). (N.8)
The observed pre-policy contrast between the two groups therefore equals the contrast in
untreated trends plus the difference across groups in the mean of D;(Y;5(1)—Y;5(0)). Neither
Assumption SEL nor Assumption HET constrains this second term. A pre-trends test based
on observed outcomes therefore conflates differences in untreated trends with differences in
pre-policy treatment.
Restricting attention to continuously untreated units resolves this difficulty. Conditioning
on the event Ef = 0, every outcome observed in periods s € {—L,...,0} is an untreated
outcome, so the second term in Equation (N.8) vanishes and the pre-policy counterpart of

Assumption PT-L is directly testable
E|Y, - Yo | DI =0, D,-tzl} :E[Yis—}gomf:o, Dit:O]. (N.9)

forse {—L,...,—1}.%
An alternative that avoids conditioning on the full pre-policy history is to condition only
on treatment status in the two periods whose outcomes enter the comparison. For each

s < 0, the relevant restriction imposed by parallel trends is:
E[Yis = Yio | Dis = Do =0, Dy = 1) = E[Y;s — Yio | Dis = Do =0, Dy =0].  (N.10)

Note that for units with D;s = D;o = 0, Y;s = Y;5(0) and Y;o = Y;o(0), so Equation (N.10) is
a restriction on untreated potential outcomes even though units may be treated in periods
between s and 0. The conditioning event varies with s, however, so each pre-policy coefficient

tests parallel trends for a different subpopulation.

29Assumption PT restricts untreated outcome trends only between baseline and the post-policy period t,
which is all that identification of A\; requires. A pre-trends test instead examines the corresponding restriction
for pre-policy outcome dates, E[Y;5(0) — Y;0(0) | Dip = 0, D;z = 1] = E[Y;5(0) — Y;0(0) | Dip = 0, D;z = 0] for
s < 0, holding fixed the groups defined by D;;.

30Caution is needed when interpreting these tests. They concern pre-policy restrictions and cannot establish
Assumption PT, which restricts post-policy trends. Pre-trends tests also have limited power against eco-
nomically meaningful violations, and conditioning the analysis on passing them can distort inference (Roth,
2022).
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